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A GENERATING FUNCTION FOR ASSOCIATED 
LEGENDRE POLYNOMIALS 


By F. BRAFMAN (Southern Illinois University) 
[Received 25 May 1956; in revised form 1 November 1956] 


1. Introduction 
JACOBI polynomials may be defined by 


Po-P)(xr) = ee n| saad 10—a)]. (1) 
The Legendre polynomials result from putting « = 8 = 0 and are com- 

monly written without the superscript notation as 
| P,(x) = PQ (2). (2) 
Let p = (1—2at++#?)?, where p = 1 fort = 0, (3) 
d = (p?+ 2tux—2t?u-+wt?)t, where d = 1 fort = 0. (4) 

Then the main result of this note will be 
a(ttte)* Bet pp) pp a(t) 
1—t+p}] (1+a),(I—a), * . p 

—k,k+1, —n; ule (5) 


p 
eae . (a, —a) 
fm (2) af ve. 


valid in a neighbourhood of t = 0. This will generalize a result obtained 
by Rice [(1) 115, (2.14)]. Rice’s result corresponds to (5) with a = 0, 
and was obtained by generalizing a result of Bateman’s. 
Equation (5) can be presented in the alternative form 
ail 1+t+p P —k, 1+k; p—o-+tu —k, 1+k; p—o—tu 
oF, ve amie oF, ~~ ee 
l—t+p l+a; 2p 1—a; 2p 


= 5 Pee) Al 
2 





—k,1+k, —n;_1,,, 
‘rt sale - (6) 
The associated Legendre polynomials can be defined [(2) 326] by 
. tm aie ° 
PRO) = mea) Fl edt) 


© I'(l1—m)\x—1 1—m; 


with the usual limiting definition when m is a positive integer. Thus 





P(%—)(z) —_ rata)" (T+a)e Pate). (8) 
z—l n! 


Quart. J. Math. Oxford (2), 8 (1957), 81-83. 
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Hence equation (5) or (6) may be interpreted as a generating function 
for associated Legendre polynomials by substitution from (8). 

The author desires to thank Dr. T. W. Chaundy for suggestions which 
resulted in great simplifications in the proof below. 


2. Proof of (6) 


Denote the left-hand side of (6) by A and the right-hand side by B. 
Then, by use of Bailey’s reduction formula on the Appell function F, 


[(3), 81, (1)], 


it pate “AI —k, 1+k; tu(t—z+p) salen] 
1—t+p l+a, l—a; 2p" 2p" 





«o 


[1+t+p]* > alt Lf Beall) 2-+ pea" 
It p| a 1+a)n(1—a), mint (2p?) 














[1—t+p| (TFa)y_—n(1—a)y(m—m) nlp)” 


m=0 n=0 


[1+t+p] (—k),,(1+-k),(tu)"(t—x-+- p)™ | “ 
t—z-+p 

[1-+t+p]* a& I) (1+) (tuy(t—a+ py” 

E56) rt m. !(1+-a),,(2 p?)™ 











xP —m, —a—m; t(—z7—p 
vile l—a;t—x+p 





‘ ee S (=P 1 + Bn "(=)" “(? x—t 
=p =) Pe}. (9) 
, bose bs (1+-a)m(1—a)m p Pp 7 

On the right-hand side of (6), expand the ,¥F, and interchange sum- 


mations. The interchange is easily justified by the uniform convergence 
of the series involved. The result is 


@ 


=-> (— are mu ma —n), Yn PX -(ax)t”. (10) 





( 1 +a) =| \mm 


m=0 


, = “s (—k)m(1+k),, u™ ha 
(1+-a)_(1—«)» 





(11) 


m=0 


Peeyey 
1—t+p]} \p 


(12) 
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Then a necessary and sufficient condition that A = B is that R,, 
should vanish for all m. Hence it is necessary and sufficient that 


C= > Rv (13) 


m=0 


should vanish identically in v. From (12) it follows that 


1+t+p|* S —vt'\™ _»(z—t : _ 

= p—!|- a eer (ax, —«) — (x,—«a) 1—v)}". 

p | 4 ( p ) es ( p 2 Pn (a){t( v)} 
m=0 (14) 


This operation again involves an interchange of summations in the 
second term, but the factor (—n),, reduces the outer sum to a finite one, 
and so no justification is needed. 

Let 





m 


A — (x—t)/p, =— —vt/p, R2 —_— 1—2xXT+ T?, (15) 
7 = U(1—»), P? = 1—2a¢r+7?, 
with R = P= latt=0. 


Then the application of a standard generating function for Jacobi 
polynomials [(4), 68, (4.4.5)] yields 


afl +t+p]* 5 f14+-74+R]" 7» .fl+7+P]2 

C =p" La 1) _—___} — p-l;______ | 
at “eee 
Now pk = P. (17) 


Hence C= Pa[(ittteett D4 F\*_(LtetP) 
I—t+p p(l—T)+P}] — \i—7+P} | 





(18) 


Again 

l+t+p _ a—p—t l+r7+P <2—P—r epI+T7)+P 2—P-—r 
e " J-r+P 32-1’ p(1-—-T)+P 3 x—p-t’ 

Thus C = 0 in (18), and (6) is proved. 





l—t+p xz—l1 
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FOURIER SERIES WITH GAPS (II) 


By P. B. KENNEDY (Cork) 
[Received 1 August 1956] 


1. Suppose that f(x) €¢ Z(—7, 7) and has period 27, and that the Fourier 
coefficients a,,, b,, of f(x) vanish except possibly when n is a member of a 
given strictly increasing sequence of positive integers {n,} satisfying 

Ney —Ny, > 00 (k-> 00). (1.1) 
In a previous note (2) it was shown that, if 0 < a < 1, and f(x) € Lipa 
in some interval |jx—a2,| < 4, then 


b, = O(n-*) (n>); ° (1.2) 


and, if « > 4, then * (\a,,|+1b,|) < 0. (1.3) 


With 6 = a and without the hypothesis (1.1), this theorem is classical 
[(4), 18, 135]; and, with a more restrictive gap condition than (1.1), this 
and other similar theorems were first obtained by Noble (3). 

From (1.1) it follows that 

n,.[k -> 00, (1.4) 

but the converse is false. Certain theorems similar to those in (2) are 
known to hold under the hypothesis (1.4): for example, if f(x) vanishes 
throughout an interval, then (1.4) implies the vanishing of f(z) almost 
everywhere [(1), 237]. It is therefore natural to ask whether (1.1) can 
be replaced by (1.4) in the theorem quoted above. In this note I show, 
in answer to this question, that neither (1.2) nor (1.3) remains true in 
general under the gap hypothesis (1.4), or even under a much stronger 
hypothesis of a similar kind. I prove, in fact, the following theorem. 

THEOREM. Let 0 < » < 7, and let ¢(t) > © steadily ast». Then 
there exist a strictly increasing sequence of positive integers {n,} and a 
function f(x) € L?(—7, 7) such that 


(a) lim infn, exp! — vo: —7)\ > 1; 


> hes \ aw ? 


(b) the Fourier lic a,, 6, of f(x) vanish except possibly when 
= 

c) for every « < 1, f(x) € Lipa in (—7, y), 
but lim sup(|a,| + [by |)p(%2) = 00 


no 


and E (lay! + [by |) = 00 


Quart. J. Math. Oxford (2), 8 (1957), 84-88. 
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By taking ¢(t) = t*, where 0 < « < 1, we obtain from (c) that, in 
particular, (1.2) is false for the function f(x) in the theorem. 


2. In this section, A,,..., Ag denote positive numbers depending on 
5 only. We need the following lemma, due to Noble (3). 


Lemma. [f0 <6 < 7,and mis a positive integer, there exists a trigono- 
metrical polynomial 


T,, (xz) = 1+ >) t,(m)cos jx, 
j=1 


satisfying 
(i) \T.(x)| < A, forall x; 
Gi) (Tyla) << Aymtexp(—Z") (6 < |x| <a); 
(iii) |7",,(x)| < A,m for all x; 
(iv) Hm) < As. 


Noble does not explicitly state (iv) or the fact that 7,,(x) contains no 
sine terms; but (iv) follows at once from (i) and Bessel’s inequality, and 
T,,() is a partial sum of the Fourier series of an even function and so 
contains only cosine terms. Further, Noble states a less precise form 
of (ii), but his proof gives the above version.t 

To prove the theorem, put 6 = 7—7, and choose constants A > 1 
and p (0 < » <1). Suitable values will be assigned to A and , later. 


Let {m,,} be a sequence of positive integers satisfying 


My +1 > Am,; (2.1) 





p4(exp or) >o (p>). 


It is plain that such a sequence exists since ¢(t) > 00 as too. Put 





M, =1+4 exper (2.2) 


where, as usual, the square brackets denote the integer part. These 
definitions imply 


M,+m, = 0 (My 43 +My +1); (2.3) 
p¢(M,,) > 0. (2.4) 


+ In (2.5) of (3), n!-™ should be n?-™. I am indebted to the referee for this 
remark. 
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Moreover we suppose that m, is chosen so large that 
M,—m, > 0, Mh i1—Myy, > M,+m, 

Such a choice of m, is possible by (2.1) and (2.2). 


Consider the series 23" n(x )cos M, x 


where 7, (x) is as in the lemma. By (2.5) and the definition of Tny(%)s 
it is clear that the pth partial sum of (2.6) is the (M,+-m,)th partial 


sum of a cosine series » 
> a, cos nx, (2.7) 
1 


where, by (iv) of the lemma, 
. +439 (m, )} < A,. 


By the Riesz—Fischer theorem [(4), 74], the last statement implies that 
(2.7) is the Fourier series of a function of L?(—7, 7), say g(x). Therefore 
a theorem due to Kolmogoroff (4), 251] enables us to assert that, if the 


sequence of positive integers {v,,} satisfies 


° e Vv 
liminf2# > 1 
> 
pw Vp 


Vp 


then > x, cosnx > g(x) (p>) 
T 


almost everywhere in (—z,7). By (2.3) we may take vy, = M,+m,, and, 
in view of the relation between (2.6) and (2.7), Kolmogoroff’s theorem 
then gives 4 

g(x) = > 5 Ing ()008 M, 2 (2.8) 


p=1 


for almost all x in (—z,7). In fact we may suppose (2.8) to hold every- 
where in 8 < |x| < z since the series is absolutely and uniformly con- 
vergent there, by (ii) of the lemma and (2.1). 

Our next object is to show that, if the constants A and yp are suitably 
chosen, g(a) € Lipain§ < |x| < m for every a < 1. Suppose that x and 
x+h both lie in (—7z, —8) or in (4,7), and that |h| is so small that there 
is an integer q > | satisfying 


exp(—"") <|hi< exp(—“™). (2.9) 
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Then, by (ii) and (iii) of the lemma, 


tal 
\g(a+h)— a Tal (€)cos M, £} dé + 


+ >> = {Zing ®+H)| + |Zing(2)1} 
< A,|h S we mbex r(- om) + Ayia | 5 e+ 
1 


1 
oA, S MPexp( me 
+2A, y3 . exp ah 
By (2.1) and (2.9) the second and third terms are 


5 
of h\m,_ tmgexo{ —Z)} - = O(\h|%) 
for every « < 1. By (2.2) the first term is 


2 
O(\h|) S “Pexp (M4 ~ —z)sm,, 
1 
and, by (2.1), this is O(|h|) if 
Au l (2.10) 


ms 


\—1 ~ 4" 
Thus, if (2.10) is true, g(x+h)—g(x) = O(\h|*) for every « <1, as 
required. 
Next, since a, = p-! when n = M,, we have 


lim sup|«,,|¢(%) = 00 


nm—>o0 

by (2.4), and la, | = 00. 
Also «, = 0 when 

M,~+m,-, <2 < M,—m, 
If {n,} is the sequence of values of for which «, 0, then for every k 
there exists p = p(k) such that 

M, —m, < Ny iS. M, +My, 

Dp a 

and, by (2.1), k 22m as he 


Thus liminfn,exp(—}pdk) > aeigiree ani 
ko 


po A-1 
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by (2.2). Hence, if we put » = }, assertion (a) of the theorem is true 
since 6 = 7—7n; and, since 4e < 11, (2.10) is then satisfied if A is 
sufficiently large. 

The function f(x) of the theorem is obtained by defining g(x) outside 
(—7,7) so as to have period 27, and putting f(z) = g(x+7). For then 
f(x) € Lipa« in (—7+8, 7—8), i.e. in (—7, n), for every « < 1. Moreover 
the Fourier series of f(x) is 


2) 
> (—1)"a,, cos nz, 
1 


and so the remaining assertions of the theorem follow from (2.11) and 
. (2.12). This proves the theorem. 


3. Let the sequences {m,}, 7. be as in § 2. Then the function f(x) 
defined by ~ ; 
f(z#—7) = T,,,(%)cos M, x 

is continuous everywhere and belongs to the class Lip 1 in (—7, 7). In 
particular, f(z) has bounded variation in (—7,7). The nth Fourier 
coefficients of f(x) are not O(n-") although they vanish except possibly 
when n = n,. This example shows that we cannot replace (1.1) by the 
hypothesis (a) in Theorem V (i) of (2). I am unable to decide whether 
Theorem V (iv) of (2) survives under the hypothesis (1.4), or under a 
stronger hypothesis of the same kind such as (a). 

I wish to thank the referee for his suggestions. 


Note added in proof, 8 March 1957. In Theorem V (iv) of (2), (1.1) 
cannot be replaced by the hypothesis (a) of the theorem proved above. 
For, with the notation of § 2 a counter example is provided by 


> pM, S,(z), where S,(2) = fn 1,,(€) cos M, € dé. 
p=1 


This, when’ each S,,(x) is written in extenso, is the Fourier series of a 
function of L*?(—7, 7) having a continuous derivative in (—z, —8). 


REFERENCES 


1. R. P. Boas, Jr., Entire functions (New York, 1954). 

2. P. B. Kennedy, ‘Fourier series with gaps’, Quart. J. of Math. (Oxford) (2) 7 
(1956) 224-30. 

3. M. E. Noble, ‘Coefficient properties of Fourier series with a gap condition’, 
Math. Annalen 128 (1954) 55-62. 

4. A. Zygmund, Trigonometrical series (Warsaw, 1935). 








GAUGE-INVARIANT GENERALIZATION OF 
FIELD THEORIES WITH ASYMMETRIC 
FUNDAMENTAL TENSOR 


By H. A. BUCHDAHL (Hobart) 
[Received 13 August 1956] 


1. (a) THE General Theory of relativity in its original form is based— 
with regard only to its mathematical aspects—upon a quadratic differen- 
tial form (the ‘metric’) whose coefficients (the ‘gravitational potentials’) 
are, by hypothesis, the components of a symmetric covariant tensor g;; 
(i, k = 1,..., 4). The field equations are then certain covariant sets of 
equations which involve the g;, and their first and second derivatives 
only. As it stands this mathematical apparatus is evidently unable to 
accommodate electromagnetism. To do so a generalization of it will be 
required which (presumably) involves in a ‘natural’ way not only a 
symmetric covariant tensor of valence 2, but also either (i) a covariant 
vector, to play the part of electromagnetic potential, or (ii) a bi-vector, 
to play the part of electromagnetic field tensor. In fact, of the attempted 
generalizations which retain the dimensional number four, that is to say 
which operate solely with four independent variables, the best known 
are perhaps those of Weyl (1) and of Einstein (2)—historically the first 
and last to date—and these respectively represent just the alternatives 
(i) and (ii) mentioned above. It is appropriate to review very briefly the 
analytical apparatus of these two theories, since they are to be united 
into a whole in the present paper. 

(b) Weyl’s theory involves as basic field quantities a symmetrical 
covariant tensor g,, and a covariant vector k;. (Except where otherwise 
indicated all indices will be allowed to run from 1 to n instead of from 
1 to 4 only.) The linear connexion of a Weyl space W, is symmetrical 
and is defined ast , 
Di, = {tk, 83—(Bti:ky— doin), (1.1) 
where the Christoffel symbols {ik,s} and the processes of raising and 
lowering indices refer to g;, and its reciprocal. The Is, are gauge- 
invariant, i.e. in the gauge transformation 


Viz > Vix» k; > k;+ (log Ais (1.2) 


+ To indicate mixing and alternating over indices Schouten’s general notation 
(3) will be used side by side with Einstein’s more specialized notation which is 
useful only for adjacent pairs of indices. 


Quart. J. Math. Oxford (2), 8 (1957), 89-96 
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where A is an arbitrary function of the coordinates, the I}, transform 
into themselves. In this theory only gauge-covariant tensors and tensor- 
densities are considered, i.e. those which in the gauge transformation 
(1.2) merely multiply themselves by a power of A. Explicitly, Tj:~¢ will 
be said to be a tensor-density of coordinate-weight c and gauge-weight v if 
in a coordinate transformation it multiplies itself by j° and in a gauge 
transformation by A”, j being the Jacobian of the coordinate transforma- 
tion. From Tj" a new gauge-covariant tensor-density possessing the 
same gauge-weight may be induced by means of the process of gauge- 
invariant covariant differentiation defined by (4)t 


. ‘ - v ‘ e 
i... ty — ti... 8 Og.008 
Tk kel = Tas ht 2 Vga Tie aaa eth 


+ 2 Pa ke — (cDf t+ 0k) Tek, (1.3) 


Subscripts following a comma and semicolon denote as usual ordinary 
and covariant differentiation respectively. The bar under the two sub- 
scripts of the I'j, which appears in the last term of (1.3) is to be ignored 
for the present. The gauge-invariant curvature tensor of this theory is 


then defined b . 
y By = Mat Tline (1.4) 
together with its contractions 
Gy = Bus, $nFy = Boy? = nky.p- (1.5) 


One also has incidentally 
Gi = — nF. (1.6) 


Field equations may be derived from action integrals involving gauge- 
invariant scalar densities 2 as Lagrangians. In four dimensions, for 
instance, one might take 2 = GG, or 2 = Gz, 6, etc., where G = 9G, 
and the densities are the corresponding scalars multiplied by 


w = (—detg;,)'. 


2 may be so selected that the resulting equations will be satisfied by 
any solution of the simple covariant set of equations 


Gx = 9. (1.7) 


+ At the time of writing the paper referred to I was under the impression that 
this kind of derivative had not previously been defined. However, it appeared 
already in a paper by Newman in 1927 (5). Incidentally, it should be noted that 
the present k; differs from that of (4) by a factor 2. 
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However, the spherically symmetric solutions of (1.7) in which 
ky = v9 = ks = 0 


and k, is supposed to represent the electrostatic potential do not appear 
to be physically sensible [cf. (6)]. 

(c) Einstein’s theory involves as basic field-quantity a covariant 
asymmetrical tensor g,,._ Apart from the symmetrical tensor g;, it con- 
tains therefore a bivector, viz. Ix» as required. The n-dimensional space 


H,, in which this theory operates is provided with an asymmetrical linear 
connexion I$, which is related to the g,, and their first derivatives 
through the set of equationst 


Gir Vi 9sxe—V ie Gis = 9. (1.8) 


The equation (1.8) clearly exhibits the property of transposition- 
invariance, or hermiticity; i.e. if the transposed of g,,, and I, be under- 
stood to be g,,, and I'f,, then (1.8) is invariant with respect to the process 
of simultaneously transposing all the g’s and [’’s (and interchanging the 
free indices i and k). In the same way the requirement of hermiticity is 
imposed upon the other fundamental equations of this theory. 

The definition of the covariant derivative of a tensor or tensor-density 
TZ (indices suppressed) is formally similar to that which appears in 
Riemannian geometry if due attention is paid to the relative positions 
of the lower indices of the components of the linear connexion. Accord- 
ingly every index of T is distinguished by its character during covariant 
differentiation. An index is called positive, negative, or null respectively 
if the corresponding term of the covariant derivative T,, involves T’.;, 
[.:, or I; and the three alternatives may be indicated by placing the 
symbols +, —, or 0 below the index in question. By way of example 
the left-hand member of (1.8) is simply g ; ;,,. Note that, ifc is the weight 

4. 


of T, then T,, contains a term —cI°§, T, i.e. the symmetrical part only 
of I, occurs in it. 
The curvature tensor is defined as 


= 


$ Bia? = Veet ix Min. (1.9) 


+ This set is not usually postwated but rather derived (along with the rest of 
the field equations) from a suitably selected action integral, the Tj, and g,, being 
varied independently (Palatini’s method). The choice of a Lagrangian appropriate 
to this method is however in general not possible in the gauge-invariant theory 
of §§ 2 ff. [cf. § 4 6). 
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Other basic tensors of importance are 
Ly, = 3 Bex? =Ti, = Ge = T%,)> (1.10) 


‘Giz = (Bizso+ Byis)—L ik = —T%h,, oth 34+ k Px, )+TEP —TY, Tp 
(1.11) 
‘G = gC. (1.12) 
(The tilde indicates transposition.) It should be noted that L,, and ‘G;,. 
are both hermitian. Finally, field equations may be derived by choosing 
a suitable action integral, e.g. with the Lagrangian ‘G6. 

(d) The main purpose of this paper is to consider a space J,, which is 
provided with an asymmetrical covariant tensor g;, and a covariant 
vector k;; and further an asymmetrical linear connexion Is, related to 
these in such a way that a J,, may be regarded equivalently as the gauge- 
- invariant generalization of an H,,, or the ‘asymmetrical’ generalization 
of a W,. 


2. Let the set of linear algebraic equations 
Ai Isnt Aik Gis = Six (2.1) 
have the solution (supposed to exist) 


oe (2.2) 
= pip’? abe? 
where the pi? are evidently functions of the g;, alone. Let a linear 
connexion I¥,, be defined as 


li, —_ Pit?” (Gav,.—Iab k.) — Ve Vis say, (2.3) 


so that T'%, is the part of ['%,, which does not involve the k,. It follows 
0 


t that 8 s ‘ 
at once tha V4, 9eu tT 9is = Gins—Jir be (2.4) 


Consider now the gauge transformation 
Jab > Yar» k, > k,+ (log), (2.5) 
where A is:an arbitrary function of the coordinates. It follows at once 
from (2.1), (2.2) that in the gauge transformation p%¢”° multiplies itself 
by A-1, and therefore from (2.3) that If, is gauge-invariant. 

Amongst the tensors which can be constructed from g,,, k, and their 
derivatives, only those will henceforth be considered which exhibit the 
property of gauge-covariance as defined in§ 1 b; and the terms coordinate- 
weight and gauge-weight will have the meanings described there. At the 
same time fundamental equations in J, shall be hermitian in the sense 
defined in § 1c. The gauge-invariant covariant derivative of a tensor- 
density Tj" is now defined by (1.3) with the understanding that all 
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the indices of T have been taken as positive, in the sense of §1c. In 
the case of a negative or null index the [.; which appears in the corre- 
sponding term of the covariant derivative must of course be replaced 
by [[:, Dj respectively. Because of (2.4), (1.3) one now has the important 
gauge-invariant hermitian equation 


Jiru= 9%, » (2.6) 
+ 


9x itself being of gauge-weight v = 1. 

It should be noted that one cannot identify the vector k; with the 
vector I; a priori since otherwise the hermiticity of the equation (2.6) will 
be lost. 


3. Keeping in mind that w has the gauge-weight v = 4n, we see in 
the usual way that 


9 *, =, gi *,=0. (3.1) 

From (3.1) one gets 
gv, = g"T+(4n—I) gh, (3.2) 
and g#, = gN+(3n—1)g#k,—g*Th. (3.3) 


Note that T, = 0 now naturally does not in general imply g,, = 0: the 
latter equation is not gauge-invariant. The identity w., = 0 gives the 


useful relation Ts, = (log w) ,—4nk,. (3.4) 


4. (a) The curvature tensor B;;,,° is defined by (1.9), the I'S, now 
being of course those of § 2. The identity of Ricci—as regards a vector 
T, of gauge-weight v—then reads 


T; ra—T; 1; = Big? T,—0T; Fup (4.1) 
+ += : 
where 7';,, = T;.;, and F,, = 2ky.y. From the present TG, one can form 
-_ 
the gauge-invariant hermitian Einstein tensor [cf. (1.11)] 
‘Gx = —Tine th $0 +S) + THE. —TH TS: (4.2) 


and ‘G again stands for the scalar invariant g* G,. Notice that, when 
the skew-symmetrical part of g;;, is put equal to zero, ‘G;;, reduces to the 
symmetrical part G;,, of Weyl’s tensor [cf. (1.7)]. 

(b) Asin the original theories of Einstein and of Wey] one will normally 


wish to derive field equations from a variational principle 5 f Ldr= 0. 


The Lagrangian 2 one naturally requires to be a gauge-invariant hermi- 
tian scalar-density: except when n = 2, the choice 2 = ‘G is therefore 
excluded. On the other hand, for any n, 2 = w‘G!" is admissible, as is 
for instance 2 = (det ‘G;,)+. 
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It is evident that Palatini’s device can no longer be usefully applied; 
for, when £ does not depend linearly on the ‘G;;,, the vanishing of the 
variation of I £ dr in an independent variation of the I<, alone will not 
yield simple relations between the I¢, and the g,,, akin to (2.6). For 
this reason the relation (2.6) was here postulated from the outset; and 
in the absence of subsidiary conditions the field equations may be taken 
to be 


P.=0, Q=0 (4.3) 
where P;,., Q' are the hamiltonian derivatives of 2 with respect to 9", k; 
respectively. This means that, if all variations vanish on the boundary 
of the region of integration, one has identically 


8 | Ldr = | (Py Sg*+0'Sk,) dr. (4.4) 


One may wish to adjoin the prior condition [T, = 0. In that case the 
field equations will be 


Pix, — 0, Piten = 0, a = 0, i = 0. (4.5) 


It should be noted that, for n > 2, the condition T; = 0 implies the 


u 
restriction gitF,, = 0. (4.6) 


(c) If one supposes the variations to arise solely from an infinitesimal 
gauge transformation, i.e. 


dg* = (4n—1)gA, dk; 


u 


== 
then from the gauge-invariance of £ the identity 

Q'., = (4n—1)g**P;, (4.7) 
follows easily. On the other hand one may generate 5g" and 5k; by means 


of an infinitesimal coordinate transformation alone. In that case, using 
(4.7), one obtains the identity 


g*(P, itt F, to— Fs tnt Pa l—Pt) = F, 2°. (4.8) 


i? 


5. (a) It is desirable to demonstrate by an example how gauge- 
covariant hermitian hamiltonian derivatives can be obtained explicitly. 
For this purpose I naturally choose n = 4. In that case the Lagrangian 
‘2 = w‘G* will be admissible. It turns out, however, that the Lagrangian 


2 = wG*, where G = 9" Gy = 9"*(Gx—Tin), (5.1) 
results in hamiltonian derivatives whose superficial appearance is rather 
simpler than that of the derivatives arising from ‘2. Since for the present 


purpose 2 is just as appropriate as ‘2, I shall consider the former. 
(b) The symbol = will be used as follows: for any A, B, A = B means 
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‘A and B differ only by an expression which constitutes an ordinary 
divergence’. Then, taking 2 = 346, 


52 = G36 —4G*3w 
= OGy,89%*—4G*Sw+ 
+ Gg*8[—T 4. +4(P 54+ is) +H 0G.—TH Pu, 


the expression in the square brackets being just ‘G;,—I[;,,. If a diver- 
gence be rejected and thereafter ordinary derivatives of the type (@g") , 
replaced by covariant derivatives according to (1.3), one finds that 


dL = (GG4,,—Th, G,,)g* —4G*5w-+ G,, 5q*§— 
—(9*G,,,+ GT, 81 3,+ (g%G,.+ g%6N,)80,, (5.2) 
where qg* = g”Ts,. In view of (3.3) one has 
G.,5q° = G,3(—g",+ gl + 9" hy) 
= G,,59%+G,, 139% +94 G30 + G,,8(g%)). 
Thus (5.2) becomes 


82 = [46 +HG, e+ Gea + Gy Ty]6g%—3@w+ 


+ 9*6T,, 80; —(g%G,.+ g GT, 81,4 9%G.,5k;. (5.3) 


Now 


g*G0, 80, = GT,3(g2T) —T, 3g] 
= — (GTi +N; G+ GT, T,)89%*+ GT, g*3k;, (5.4) 
where (3.2) has been used. In view of (3.4), 
(g*G,.+ GN, 813, = —(g*G,.+ 9*GT,),, 5 log w—2(g*G.,.+ g'*GT, dk; 
- gH G, «+ G14) + 2G Ty— GT, — OT gg ]80— 
5 80g, + g8GT) BK; (5.5) 


We may now insert (5.4) and (5.5) in (5.3). Keeping (4.4) in mind we 
can put the desired result into the form 


Pi —¥GinP = UG. + G4) +264 Ty— GTi + Eh) + OGa—ign ®), 
} . 


4Q' = g®G.,+9¥6N,, (5.6) 


with P = g‘*P.,. It can be seen by inspection that these hamiltonian 
derivatives possess the required properties of coordinate-covariance, 
gauge-covariance, and hermiticity. 
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THE LAPLACE-STIELTJES TRANSFORM 
OF AN INCREASING VECTOR-VALUED 
FUNCTION 


By A. OLUBUMMO (Ibadan) 
[Received 25 August 1956] 


1. THE classical theory of the Laplace—Stieltjes transform of a numeri- 
cally valued function has been extended to vector-valued functions by 
Hille |see, for example, Chapter X of (4)]. As in the classical theory, it 
is of interest to know in what cases the function defined by the Laplace— 
Stieltjes transform of a vector-valued function has a singularity on the 
axis of convergence of the integral. The problem was studied by Ham- 
burger (3) in the case of a numerically valued function a(t) of the real 
variable t. Hamburger proved that, if «(¢) is monotonic, then the abscissa 
of convergence of the integral 


foo) 


| e- da(t) = p(d) 


0 
is a singularity of p(A). 

In what follows, I prove an analogue of Hamburger’s theorem for an 
increasing function 7'(¢) of the real variable ¢ taking its values in a 
partially ordered Banach space V with a closed normal cone V+. The 
proof follows the same general lines as Hamburger’s proof but depends 
to a large extent on the order properties of V. 


2. Definitions 


1. A function 7'(t) defined on a set © and taking its values in a 
vector space V is called a vector-valued function. If X is a partially 
ordered set and V a partially ordered} vector space, we say that 7'(t) is 
an increasing function of t if T(t,) > T(t.) whenever t, > fg, t,, t, € X. 

2. Let T(t) be a function defined on the closed interval [t,,t.] of the 
real nunfbers and taking its values in a normed vector space V. Let A 
denote the set of all subdivisions of [¢,, ¢,] into a finite number of non- 
overlapping, consecutive (but not necessarily contiguous) subintervals 
(a;,6;) and A’ the set of all possible partitions of [t,,¢.] by a finite set of 
points 8,, 8,..., 8, With #, = & < 8 < 8& <.. <8 =. 


+ For the definitions of partially ordered vector space, normal cone, etc., see (1). 
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We say that 7'(t) is of 


(i) bounded variation if 
sup| 5 (7() —T(a,)]| < 
(ii) strongly bounded variation if 


sup 5 ||2(s,)—T(64-2)|| < &. 


Lemma 2.1. Let V be a partially ordered normed vector space with V+ 
a normal cone and constant of normality n. Ifu,ve V and —u <v <4, 


then lvl] < 2y-|lel). 


For a proof, see Lemma 3 of (1). 


THEOREM 2.2. Let T(t) be an increasing function defined in the interval 
[t,,t.] and taking its values in the partially ordered normed vector space V 
with V+ a normal cone. Then T(t) is of bounded variation in [t,, t). 


Proof. Let (a;,6;) (¢ = 0, 1, 2,..., n) be a finite set of non-overlapping 
subintervals of [t,, ¢,] and let 7 denote this class of subintervals of [t,, t,]. 
Since 7'(¢) is an increasing function, 7'(b;)—7'(a;) €¢ V+ for each i, and 
hence “ 

> [7 (b,)—T(a,)] € V+. 
i=0 


For the same reason, T (a;4,)—T(b,) € V+, 


and therefore "S [Taiu1)—T(0,)] € V+. 
i=0 


Write u = S[76)—T(a,)} v =F [Pain)— 700} 
Since V+ is a normal cone, there exists 7 such that 
|lu-++v|| > 7lleul]. 
Now u+v = T(b,)—T (ao) < T(t.)—T(t). 
Thus —[T (ta) —T(t,)] < u+v < T(t)—T(ty), 
and, by Lemma 2.1, 


|u|] < 2n74||T'(t.)—T(t,)||. 
Hence we have 


|||] < no \\u+-o|| < 2y-*|\7'(t.)— T(t,)|| = M, a constant. 


Since M is independent of the particular subdivision 7, it follows that 


sup|u| = sup| > [76)—T(a))] <0, 











ON VECTOR-VALUED FUNCTIONS 99 


where A denotes the set of subdivisions of [t,,t,] by finite sets of non- 
overlapping subintervals. This proves the theorem. 
The following result is due to Dunford [see (2) 312, Theorem 11]. 


THEOREM 2.3. Let f be a function of bounded variation in the interval 
[a,b] to the Banach space X. Then the Riemann—Stieltjes integral 


b . 


[ $(s) df(s) 


. 


a 
exists for every real-or-complex-valued continuous function ¢. 
Suppose now that V is a partially ordered Banach space. Let 7'(t) 
be an increasing function defined on [t,,¢,] and taking its values in V, 


and let V be the complexification [see (1)] of V. Then in view of Theorems 
2.2 and 2.3, we obtain the following theorem: 


' THEoREM 2.4, Let f(t) be a continuous complex-valued function on [ty,t, | 
and T(t) an increasing function on [t;,t,| to the partially ordered Banach 


te 
space V with V+ a normal cone. Then the Stieltjes integral {f@ dT (t) 
ti 


exists as the unique limit of Riemann sums in the norm topology. 


Note. The integral exists in 7. 


~ 
CoroLuary. If de V*, then 
te 


. ts 
{ [so arco} = [10 a6(7O) 
ty 


hi 

For the proof of the corollary, see (4), 52, Theorem 3.8.2. 

Lemna 2.5. Let V bea partially ordered Banach space with V+ a normal 
cone and constant of normality yn. Let T(t) be an increasing function defined 
on |a, b| and taking its values in V. Suppose that the real-valued functions 
f,(t) (n = 0, 1, 2,...) are continuous in the interval [a, b| and that f,,(t) > f(t) 
uniformly in the interval. Then 


b b 
lim f f(t) aT(t) = f ft) aT. 


CoroLLary. If the series > f,,(t) converges uniformly to f(t) in [a,b], 
n=0 


then 5 . 


[so aT@ = | £0 ATO. 


a 


n= 
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Proof. By Theorem 2.4, the integrals 
b b 
[foaTo,  [faTO (m 


exist since each f,,(¢) is continuous and the limit function is continuous. 
Let K be an arbitrary partition of the interval [a,b] by the points 
to, ty, te,..., tm, Where 
a=, <t,<4&<.. <é, =D. 
Let = 8 = max (hi—t), -M = sup |f,0—fO 


0<i<m-1 a<t<b 


Then M is a non-negative real number. Consider the approximating 


Riemann sums er 
ps (fn (t;) —f(t)\T (tis1) aes T(t;)| 


b 
of the integral | [fr(t)—f(t)| dT). 


T(t;4,)—T(t;)€ V+ for «= 0,1,...,m—1, since T(t) is an increasing 
function. Hence MT (ti1)—T(t)] € V* 
for each i. Also f,,(t;)—f(t;) < M for each t; in [a,b]. Hence 
Fat S(t) [Tt -TH)] < MT (t4.)—T(t)). 
We therefore have 
"S (Salt —FO Tess) —2Ut)] < MS [Ptea)— Tt] 


= M[T(b)—T(a)], 
which implies that 


—M[T()—T(a)] <"S fault Plisa)— Tt] < MLTO)—T(a)}. 
By Lemma 2.1, we have 
S| Salt \—ft; [Te i+1) —T(t;) |< 2 ae M| iT(b i T(a )|I. 


Since the ia “iat holds for all partitions, we have 
I 
li | fult)—f(t)| aT (0| < < 2971 M||T(b)—T(a)]. 
By hypothesis, M > 0 as n> oo. Hence 


lim [0 t) dT'(t) = fn t) dT(t) 


n-o 


This completes the proof of the lemma and the corollary is immediate. 
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Lemma 2.6. For each n = 0, 1, 2,..., let a,(R) be an increasing function 
of R on the interval [0,00] to the partially ordered Banach space V with 
V+anormal cone which is also a closed setin V. If a,(R)—->a,,(00)as Roo 
for fixed n, and if 


Dank) = SB), ¥Ya,(c0) = S(co), 
then S(R) > S(co) as R > co. 


Proof. Denote by {S,,(00)} the sequence of partial sums of the a,,(00) 
and by {S,,(R)} the sequence of partial sums of the a,,(R). Given e > 0, 
there exists m) such that ||S(00)—S,(0)|| < ek for all n > np, k being 
a constant positive number. With m, so chosen and the same e, we can 
find R, such that, for all R > Ry, 

|S, (2 )— S,,(00)]|| < ek. 
Now, for n > m, 
{S,,(00)—S,,,(00)}—{S,, (R)— S,,,(2) } € ? 


since V+ is closed. Also, as n > 00, 


{S,,(00 — we —{S,(R speed 


gee co)}—{8(R)—S,,(R)} € V+ 


So( 
for the same reason. Thus we have 


0 < S(R)—S, (R) < S(co)— S,,,(0) 


and so “ 
—[S( 00)—S,, (00 )] < S(R)—S,,(R) < S(co)—S,,,(00). 


Hence, by Lemma 2.1, 


|S(R)—S,,,(R)|| < 2974 ||$(co)—S,,,(20)|| < 29k, 


where 7 is the constant of normality. Thus 

|| S(-2R)— S(0o)|| = ||S,,,(00)—S(00) +-8,,,( 2) —S,,,(00) + S(R)—S,,,( R)|| 
< ||Sp.(20)—S(00)|| + li8,,,(2)—S,,,(20)||+||S(2)—S,,,(2)I] 
< ek+tek+2n-1ek 
= ek(2+27y-). 


Taking k = 1/[2+2y-"], we have ||S(R)—S(0o)|| < «if R > Ro, and the 
lemma is proved. 
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3. The Laplace-Stieltjes transform 
Let V be a complex Banach space and 7'‘(t) a function of bounded 
variation in every finite closed subinterval of [0,00) and taking its 


values in V. Consider the integral 
t 


T(t;r) = | es dT(s), 
0 
where A is a finite complex number and ¢ is finite and positive. By 
Theorem 2.3, this integral exists. If for a given A, lim 7'(¢; A) exists as 


to 


an element of V, we denote the limit by 
L=f() = | e-™ d T(t). 
0 
The integral L is then said to ‘converge’ for this value of A and is called 
the Laplace—Stieltjes transform of T(t). 
The following theorem is proved in (5). 


THEOREM 3.1. Let T(t) be an increasing function on [0, 00) tothe partially 
ordered Banach space V with V+ a normal cone. Then there exists &, 
(—o < & <@) such that the integral L is convergent for all X with 
reA > &, but not for any A with rerX < &, and 


é, = lim suptlog||7(t)— T()]. 
to 


The number £, is known as the abscissa of convergence of the integral L. 

This result should be compared with Theorem 10.2.1 of Hille (4), where 
T(t) is a function of strongly bounded variation and V an arbitrary 
complex Banach space. 


4. For the proof of the main result, we need the following lemmas: 

Lemma 4.1. Let F(z) be a function on the domain D to the complex 
Banach space X. If F(z) is regular} in D, then F(z) has strong derivatives 
of all orders and the Taylor expansion 


~ 1 , , 
b aie \(z—z')” 
n=0 


converges uniformly to F(z) for z in any circle |z—z'| <r inside D. 


This is Theorem 76 of Dunford (2). 


+ For the definitions of regularity, strong derivatives, etc., of a vector-valued 
function, see Hille (4) chapter 3. 
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Lemma 4.2. Let a(t) be a complex-valued function of bounded variation 
in every finite subinterval of the interval 0 < t < « and let 
£) = limsup?- log||a(t)—a(00)||. 
to 


If the integral pla) = | e™ da(t) 
0 ’ 
converges for all X with reX > & (E < 0), then p(A) is regular for all A 
with reA > & and “i 
Py = | e-M(—t) dat), 
0 


For a proof, see (6) 57. 
Lemma 4.3. Let T(t) be as ‘ae in Theorem 3.1 and &, the abscissa 


of convergence of the integral { e™ dT(t). Then the function 
A) = [ e™ dT\(t) 
0 


is a regular function of in the half-plane reA > &, and the derivatives 
of f(A) are given by 
FA) = (—1)" [ ee dT) (reA > &; n = 0, 1, 2,...). 
0 
Proof. First consider the integral 
t 


T(t;) = [ e* dT (s) 
0 
defined on the finite interval [0,¢]. Let ¢e€ V*; then, by the corollary 
to Theorem 2.4, 
é 
4 f es dT(s (s)} = je dd| T(s)]. (1) 
0 
For a fixed A with reA > £4, T(t; A) tends to the limit f(A) in V as t > 00, 
and, by the continuity of ¢, 
$[T(t;A)] > P[fA)] (t+ 00). 
But, as t=> oo, the limit of the right-hand side of (1) is 


J e*ag( 7). 


a 
Hence o[ f(A)] = few dg[T(t)] (reA > &)). 
a 
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Let £4 be the abscissa of convergence of the integral 


«© 


| e™ df T'(t)]. 
0 
éy = lim sup t*logig[ 7()]—4[7(~)]l 
< Him sup t- log{||4|| || 7"(t)— 7'(c0)|\} 
= E>. 
We now apply Lemma 4.2 to the numerically valued function 


g(r) = 41 f( ay) = femagire (0). 


Then g(A) is regular for all A with aa > & and hence for all A with 
reA > &), and we have 


9) = 5 $170)] = i eM —1 dg T(d)] 
for all A with reA > & and n = 0, 1, 2,.... Also, since 


afm] = & sera Ay] = 40) 
we have, for each n, 


@ 


of f™(A)] = fem —t)" dd[T(t)] = 4 j* M(—t)n 


0 


This being true for all , e V*, we obtain 


fa) = (—1)" a dT(t) (reA>&; n= 0, 1, 2....). 
0 
The following is the main theorem: 


THEOREM 4.4. Let V be a partially ordered Banach space with V+ a 
closed normal cone, and T(t) an increasing function defined on [0,00) and 
taking its values in V. Then the abscissa of convergence £, of the Laplace- 
Stieltjes transform 


[ e-*dT(t) = fr) 
a 


of T(t) is a singularity of f(A). 


Proof. We first remark that, from the statement of the theorem, the 
only case we need consider is that in which &, is finite. Suppose that f(A) 
is regular at the point A = €). Then, by Lemma 4.1, there is a circle 
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A—é| <r, with centre ¢ (> &) and radius r (€—r < &), in which the 


Taylor expansion - 
~ Za Re (myé)(A—£)” 
ari n! 


converges uniformly in the norm topology. In particular, the series 
converges for some real value of 


ie 8) 


By Lemma 4.3, = f(€) = (—1)" | e-ken dT (t). 


0 


’ 


We therefore have 


@o 


f(E—8) = > (~iP | e-S4n d T(t) — 


nN. 


n=0 0 
2 >~& — rf e-£4" dT (t)(—8)" 
n=0 
= > (-1) a | e-4n dT (t). 
— n! 
0 
R 
Consider the integral [ e-" dT (t). 
0 


We wish to show that, as R > 0, 


R a 


8-8 dT (t) > f(é—8) = _ — | etn AT (1). 





! 
0 0 
@ 


We have —" — (0 


and this series is dominated by 


yas (0<t<R). 
n 


Hence, - > fn 1" (1m 
=0 


converges uniformly in the interval [0, R], and the same is therefore true 


>, ( (—1)" (tyre 


of the series 
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Since the functions 
6” 
(—1)"—(—t)"e- (n= 0, 1, 2...) 
n! 
are continuous real-valued functions of ¢ on [0, R] and 
no n 
> (1 (tet 
n! 
n=0 


converges uniformly to e®-§ (0 < t < R), we have, by the corollary to 
Lemma 2.5, 


R  & 
| &odT(t) => [i —1= (—t)"e- d T(t) 


0 alate 


a 2 
om > cant [cetera 
n=0 0 


Using the notation in Lemma 2.6, we now write 


R 
a,(R) = (—1 | (—pre# ar, 
0 


R 
1p | (—t)"e-# dT (t), 
0 


S(co) = > 12 | (—t)"e-& dT\(t). 
n=O 0 


It then follows from Lemma 2.6 that the series 


@o n R 
> (eS | (ore ary 
n=0 0 


converges in norm to 


b (1 [ (one ar (0. 
n=0 


0 
By (2), this means that 
R x re 
| e8- dT (t) > yi | e-f4n dT'(t) = f(€—8) 
n=0 ’ 0 


0 
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as R —- oo, and hence, 


fi€—8) = | e€ aT ID. 
0 
Thus the Laplace-integral representation of f(A) converges for 
A = £—8 << £o. 
But this is impossible since £, is the abscissa of convergence of f(Ay. This 


contradiction arises from assuming that f(A) is regular at €); hence &) 
must be a singularity of f(A). 


Example. As an example of the situation in the theorem, we take V to 
be the space L? (1 < p < 0) ofall pth-power summable functions defined 
on the real line and V+ = (L?)+ as the set of all f ¢ L? with f(s) > 0 p.p. 
With the usual norm in L?”, it is not difficult to show that the partially 
ordered Banach space L” has (L”)+ as a closed normal cone. Then any 
function 7'(s, t) of the two variables s, t (t € [0,00)), which belongs to L? 
for each t, with the property 7'(s,t’) > T(s,t) whenever t’ > t, satisfies 
the hypotheses of the theorem. 

Our result then asserts in this case that the abscissa of convergence 


of the Laplace-Stieltjes transform | e™ d, Ts, t) is a singularity of the 
0 
function f(s,A). By taking a fixed s, we obtain Hamburger’s result for 


the integral ‘n 


f(.,A) = | e*dT(.,0), (3) 


0 
but we note that the result cannot be inferred from the consideration 
of the abscissa of convergence of the right-hand side of (3). 
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FUNCTIONS OF BOUNDED VARIATION IN 
TOPOLOGICAL VECTOR SPACES 


By J. D. WESTON (Newcastle upon Tyne) 
[Received 26 August 1956] 


1. For functions of a real variable which take their values in a general 
topological vector space, the notion of total variation is not available; 
it is nevertheless possible to give a natural meaning to the term ‘function 
of bounded variation’. In the case of a partially ordered topological 
vector space, the question then arises as to whether all monotonic 
functions on a “nite closed interval are of bounded variation. It will 
be shown that this is so if the space satisfies a certain condition which 
relates its topological structure to its order structure (generalizing the 
concept of ‘normality’ of the positive cone in a partially ordered normed 
space). Locally convex spaces that satisfy this condition have recently 
been studied, in another context, by F. F. Bonsall (1). 

The integral of a continuous scalar-valued function with respect to a 
function of bounded variation, on a finite interval, can be defined in a 
topological vector space which is locally convex and sequentially com- 
plete: it will be shown, in fact, that the existing definition for Banach 
spaces is already sufficiently general. Hence, for example, in a sequen- 
tially complete space of the type considered by Bonsall, the Laplace— 
Stieltjes transform of a monotonic function can be defined in a natural 
way; and some results concerning this which have been obtained by 
A. Olubummo (2) [see above] remain valid under this generalization. 


2. Let [a,b] be a real interval, and let S be a finite succession of non- 
overlapping closed subintervals [a,, b;] (¢ = 1,..., m). If g(t) is a function 
on [a,b] with values in a vector space X, let 


vig) = ¥ {9lb)—9(a)} 


and let V(g) be the set of points v,g(g), for all possible choices of S. If X 
is a topological vector space, we can say that g(t) is of bounded variation 
in [a, b] if V(g) is a bounded set (that is, if, when G is any neighbourhood 
of the origin in X, there is a positive scalar p such that pV(g) ¢ @). 
This definition agrees with that given in (3) 39 when the topology of X 
is determined by a norm. 

Among the partially ordered topological vector spaces, many of the 
Quart. J. Math. Oxford (2), 8 (1957), 108-11. 
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most interesting examples satisfy a condition which can be described 
by saying that there are arbitrarily small neighbourhoods of the origin 
which are intervals: that is, corresponding to any neighdourhood G of 
the origin there is a neighbourhood H of the origin such that xe G 
whenever there exist uw and v in H with wu < x < v [ef. (1)]. It is not 
difficult to see that for normed spaces this condition is equivalent to the 
existence of a ‘constant of normality’ (a positive number 7 such that 
\\w-+v|| > m|\e\| for all positive wand v). Spaces that satisfy the condition 
may conveniently be referred to as ‘A-spaces’. 

If g(t) is a monotonic function on a finite real interval [a, 6], with values 
in an A-space, then g(t) is of bounded variation in [a,b]. For, if S isa 
finite succession of non-overlapping closed subintervals of [a,b], and S’ 
is the succession of complementary subintervals, we have 


Us(9)+%s(9) = 9(b)—g(a); 
and, if g(t) is non-decreasing (as we may suppose), then v,(g) > 0 and 
vg(g) > 0, so that 
0 < us(9) < 9(6)—g(@). 
Now let H be a neighbourhood of the origin which is an interval. A 
positive scalar p exists such that p[g(b)—g(a)] ¢ H; hence pv,(g) € H, 


and therefore pV(g) < H. Since H is arbitrarily small, it follows that 
V(g) is a bounded set. [Cf. (2), Theorem 2.2.] 


3. In a locally convex space X which is sequentially complete, it is 
b 

possible to define the ‘Riemann-Stieltjes’ integral | f(t) dg(t) of a scalar- 
a 


valued continuous function f(t) with respect to a function g(t) of bounded 
variation in a finite interval [a,b]. In fact the integral exists in a Banach 
space, in the manner defined by Dunford (4). For, let C be the closed 
symmetric convex hull of V(g), and let L be the subspace of X generated 
by C. Since X is sequentially complete, the same is true of the closed 
set C. It follows that Z can be normed in such a way that it becomes a 
Banach space, with C as the unit ball, the norm topology being stronger 
than (or possibly identical with) the induced topology [for a proof of this, 
see (5), Lemma 2]. Then g(t) is a function of bounded variation with 
respect to the norm in L. Now, for any function f(¢), all ‘Riemann sums’ 


S f(rfglti)—g(t:-a)} 


i=1 


where a=-t<t<..<#,=—6b and t_,<1%<t 
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b 
belong to L. Consequently, if f(t) is continuous, the integral i S(t) dg(i) 


exists as a point of L to which the Riemann sums are arbitrarily close 
with respect to the norm, and hence also with respect to the topology 
of X. 

For any two continuous functions f,(¢), f(t), and scalars a4, a», we 
have 


b 


b b 
| {a fi(t)+ a2 fo(t)} dg(t) = a4 [Aw dg(t) +a | feo dg(t). 


Also, if ¢ is a continuous linear functional on X, the restriction of ¢ to L 
is continuous with respect to the norm, so that, by Dunford’s theory, 


af fro agi} = f fit) agtalt)} 


where the right-hand side is an ordinary Riemann-Stieltjes integral. 

In an A-space which is locally convex and sequentially complete, con- 
tinuous functions can be integrated with respect to a monotonic function 
g(t). In this case, if { f,,(¢)} is a sequence of continuous functions converging 
to f(t) uniformly in [a, b], then 


b b 
| F© agit) = lim | f,(6) dg(t) 
For, let H be a neighbourhood of the origin which is an interval. Since 
b 
J (é) is continuous, { {f,,(t)—f(t)} dg(t) exists for each n, and, for a suitable 


a 


partition of [a, bd], 


{fnltd f(r) gti) gl -j {frlt)—f(O)} dg(t) € H. 


Now a positive number « exists such that H contains the sets +«V(q); 
and, if m is large enough, |/,,(7;)—f(7;)| < « for each i. Thus, since 
g(t;)—g(t;_.) > 0 for each i, 


—e 3 {att alte} <3 thalrd Ferd} falta 
<  ¥ falts)—att . 


and the extreme terms belong to H. Hence the middle term belongs 
to H. Since H is arbitrarily small and n is independent of the partition, 
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it follows that : 
lim [ {fult)—$(0} dg(t) = 0. 


(This result has been obtained for Banach spaces by Olubummo (2).] 


4. If g(t) is of bounded variation in every finite interval [0, 7'] and 
has values in a sequentially complete locally convex space X, the 


integral [ f(t) dg(t) can be defined as 
0 


T 
lim | f(t) dg(t) 
Tx 9 
when this limit exists in the topology of X. In particular, if g(t) is 
monotonic in [0,00), with values in an A-space which is locally convex 
and sequentially complete, the Laplace—Stieltjes transform of g(t) can 


be defined as 
@ 


[ e- dg(t), 
0 

for those values of A at which the integral converges. If X admits 
complex scalars, the integral converges, if at all, in a half-plane to the 
right of an ‘abscissa of convergence’, and is a regular function of A (in 
an obvious sense) in this domain. Moreover, if the positive cone in X 
is closed, the abscissa of convergence is a singularity of the transform. 
These results have been proved for a Banach space by Olubummo (2), 
whose methods can be adapted to the more general situation without 
difficulty. 
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INVARIANCE OF THE RANK OF A PARTIAL 
DIFFERENTIAL EQUATION OF THE SECOND 
ORDER, UNDER CONTACT TRANSFORMATION 


By D. H. PARSONS (Reading) 
[Received 10 September 1956] 


CONSIDER a partial differential equation of the second order, with one 
dependent variable z and n independent variables 2,,..., 2, 


F(®ys-005 ens 25 Prs+++y Pas Prrs-++» Pan) = 0, 
where p; = 02/0x;, py; = 0°z/0x,0x;. We suppose that f‘is an analytic 
function of its arguments, in the neighbourhood of a set of initial values, 
satisfying the equation, and that the equation is of fully reduced form, 


so that it may be supposed solved for one of its arguments. We define 
the rank of the equation to be the rank of the matrix 


OflOpy, 0f/Opy. . . - $ef/epm), 


3Ef/CP yy oe , - . . Of/Opnn J 


i.e. the matrix [c,,], where 


Cie = SOP, Cie = Cee = FOOD = 3Ef/OPyy (tA Lk). 

I have shown? that in the case when n = 3 the equation possesses 
one family of one-dimensional characteristics, suitably defined, if it be 
of rank 1; two distinct families if it be of rank 2; but no one-dimensional 
characteristics if it be of rank 3. It can also, by similar reasoning, be 
shown that, in the general case, the same result is true, i.e. if the equation 
be of rank, 1, it has one family of one-dimensional characteristics; if it 
be of rank 2, it has two distinct families; but, if it be of rank 3 or more, 
it has no characteristics of this kind. 

Now, if a contact transformation be applied, it is evident that charac- 
teristics transform into characteristics. Hence it is to be expected that 
an equation of rank 1 transforms into an equation of rank 1, an equation 
of rank 2 into an equation of rank 2, but that an equation of rank 3 or 
more would transform into an equation of rank 3 or more, the rank not 
necessarily being the same. In this paper, I shall establish a stronger 


+ D.Phil. thesis (Oxford, 1952). 
Quart. J. Math. Oxford (2), 8 (1957), 112-16. 
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result, namely that the rank of the equation is invariant under contact 
transformation, whether it be greater than 2 or not. 
Suppose that we have a contact transformation relating the variables 


(x;,2, p,;) and (X,, Z, P;) (t = 1.,,...,), such that 


— EB ax,= p(dz— SP; dzx;), 


where p ~ 0. If be any function of 2,,..., Z,,, Z, Py,-++) Pn» We Write 


© ae. 


dx; ox 





Then it is a standard result that 


> (eo op oe) = (1) 
Op; Op op; op 





dX , dP, dX, dP, 
. “= 2 
ps (a dx; da; ‘e) °, (2) 
eP,dX, dP, eX; 
oan = pe, 3 
2 ( dx; dx; a Pins (3) 


5,,, being Kronecker’s delta. 
To extend the transformation to elenicnts of contact of the second 
order, we have identically, for any variables P,,, 


dP.— p3 P,; dX; 


P. + ¢ 
-S (2 Satan SAB 

















ox, 
ne aps) e 


3695 .2.& 
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Define the variables P,; so as to make the coefficient of each dz, zero, 
i.e. by the equations 


> (& i+ DP Pats Py = Bane (k, i = 1,..., 0). (4) 
j m 


Let us now write ay; = f4 >? ‘je im 


Then, in order that X,,..., X,, may be Sia as independent variables 
after the transformation, it is necessary that the latter be such that the 
determinant A = |\a,,;\|, with a,; in the kth row and jth column, for 
general elements of contact of the second order, be non-zero. Let A;,; 
denote the cofactor of a;,;, divided by A, so that 


> Ay; A py = 8 5p: 


Then, solving the equations (4), we have 


a b A(z s+ > Pmip:} (5) 


In passing, we rapidly establish that P,; = P;; as an algebraic conse- 
quence of this definition, without egneling P ; as denoting 

&Z/0X ,0X;. 
Interchanging i and j in (5), multiplying by a,;, summing on j, and 
using the relations (1)—(3) above, we obtain 


aP, Pa. 
2 Ms Fis seas dz, * D, Pm ep. (z, k= | n), 


m 


which are the same as (4), with P;; written for P,;. It follows that 
PB; == P; ‘ 


Now, regarding the variables P,; 2s functions of the variables p,,, w 


differentiate (4) with respect to p,, (r ~ s), and obtain (noticing Ph 


Prs = Per) 





oP.; 
zs Ay — = (k - r, 8) 
j 


oP,, OP, ox, 
eet areeeehs ae pe : 6 
2 “OPrs Ps 2 " OD ” 


Py _ @P, x, 
Diag a 2 | 


J 
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But, substituting for P,; from (5), with ¢ and j interchanged, and using 
(1)-(3), we have 


eP, aX,  @P, aX, 
Sp > Uap! = ip Nope > Atlan + > Pmape) 
_Ph sya lyua, ax, oP 
wea “|< Op, me? Pmt 2, Ps Pm 
_ @, [> aX, oF aX, oP, 
= a a” ; de, ap, Pat 2? ses oe. Pm e~ 


“> aS aye — PB al 





oP, oP; 
~ ODe Piz +? 2 Auda 
_ pAg;. (7) 


Thus (6) becomes 











oP; ) 
a;,—-=0 (k¥r7,8) 
2 CP rs 
oP,; 
a,; —= pAg; ° (8) 
. ©Prs 
oP; 
> a; i= A, 
j rs } 
Solving (8), we thus have 
oP:; 
= _— p(Ag; A,;+A,A,;). (9) 


Again, differentiating (4) with respect to p,,, and using (7), we have 


> ane —0 (k¥n), 





kj 
yr = 
oP.; 
z 5, = pA,,, 
j rr 
and thus, solving, oe = = pA,,A,,. (10) 
> Prr 


Suppose now that we have a partial differential equation of the second 
order, 


f(t. *9 Ln» 2, Pys +> Pns Pir > Pan) 
= F(X qy.0; Xpy Zy Pryeoey Py3 Prayer» Pap) = 0. (11) 
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Then, by the usual rules - differentiation, remembering that P,; = P,,, 
we have é - oP, oF @P,; 

; i Ses a 2 @P (12) 

Pe ff Prs Po Pre’ 
Let us now write 

Cy = OF /OPy, Cy = Cy = 4eF/OP; (i ¥)), 

Then, anaes the sum on the right of (12), and using (9) and (10), we 
have 


q . Cr =p > > Anil; Ay; (13) 
i=1j=1 


} Crs = 3p » > (A,;A,;+4,; A,)C;; (r a 8). (14) 














. Y 
But, since C;; = C;;, we ‘ee 


> > A,, Cj; A, => > A,,C; 


: i=1j=1 t=1j= 


’ Thus, from (13) and (14), we have, for every r and s, 
Crs = p 2, 2 Arn Gi Aey (15) 
d and from (15) we see that we have 
[ein] = [Aix] x [eCix] x [Ani]: (16) 


But |\a,,|| ~ 0, and therefore ||A;,|| 4 0. Thus [A,;] and [A;,] are non- 
singular matrices, and hence, from (16), p being non-zero, we see that 
the rank of [c;,| is the same as the rank of [C;,]. But the ranks of these 
two matrices are respectively the rank of the equation (11) in the 
variables x;, etc., and in the variables X,, etc. The rank is therefore 
unaltered by contact transformation. 


























RINGS OF INFINITE MATRICES 
By H. 8. ALLEN (London) 


[Received 18 September 1956] 

LET « be asequence space and let =(«) denote the set of all infinite matrices 
which map a into itself, the series involved in the transformations being 
absolutely convergent. It has been proved by G. Kéthe and O. Toeplitz 
[(4) 207; (3) 313] that &(a) is a ring if « contains ¢ and is normal, and, 
in particular, if « is perfect. In this case every matrix which maps 
« into itself belongs to X(a) since we can choose the arguments of 
the coordinates arbitrarily. The space [' of convergent sequences is not 
normal whereas X(T) is the ring of K-matrices [(3) 298]. I believe that 
this is the only known example of a ring whose elements induce trans- 
formations on a sequence space which contains ¢ and fails to satisfy the 
Kéthe—Toeplitz conditions. 

In this paper it will be proved that the Kéthe—Toeplitz results and 
the ring &(I) are particular cases of a more general result. 


THEOREM. If (i) 8B > ¢ and is normal, (ii) B S « S B**, then X(a) is a 
ring. 

It is sufficient to prove that X(a«) < X(a**) [(3), 312]. It follows from 
(ii) that a* = B* [see (2) 275, (10.1, 1) and (10.1, 11)]. Suppose that 
A € X(«); then, by (ii), A maps f into f**, and all the series involved in 
the transformations are absolutely convergent. Then [(3) 298] 

X(a«) S B > B**. 
Since 8 = ¢ and is normal, and f** is perfect, then [(1) 375] 
(B > B**)’ = B* > B* = X(B*) = X(a*). 
Hence =’(a) < X(a*). Since a* is perfect, we have X’(a*) = X(a**) 
[(3) 300], and thus we have proved that X(a) ¢ X(a**). This proves 
the theorem. 

The éonditions of the theorem are satisfied if we take 8 to be the space 
Z of null sequences and «a = I. We have Z** = a,,, the space of bounded 
sequences [(2) 277]. 

We can also apply the theorem taking f to be 5, where 4 is the space 
of all sequences such that, if d,, is the number of non-zero coordinates 


Quart. J. Math. Oxford (2), 8 (1957), 117-18. 
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in the first n coordinates, then [(2) 274] 


n—o 2 


We have 5** = a, the space of all sequences. 
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PRINCIPAL SYSTEMS 


By D. G. NORTHCOTT (Sheffield) and D. REES (Cambridge) 
[Received 5 October 1956] 


1. Introduction 

Let Q be a local ring with maximal ideal m and let us make the following 
definition which is suggested by Macaulay’s theory of inverse systems 
[(6) Chap. IV]. 

DEFINITION. A proper} ideal a of Q will be called a ‘principal system’ 
if, for every m-primary ideal q containing a, there exists an irreduciblet 
m-primary ideal q’ satisfying a S q’ € q. 

It seems that this may well prove a fruitful concept, and therefore we 
have set out in the present paper the basic facts concerning principal 
systems so far as we have been able to determine them. The most 
fundamental of these are the following. 

(A) If ais a principal system and b ¢ a, then a:b is a principal system. 

(B) If a:a’ = aand a':a = a’, then ana’ is a principal system when 
and only when both a and a’ are principal systems. 

(C) If Q is a homomorphic image of a regular local ring, then every 
irreducible ideal of Q is a principal system. 

(D) If Qisacomplete local ring, then every irreducible ideal is a principal 
system.§ 

Before proceeding, let us note the following obvious facts. 

First, if a is a principal system, then it is possible to find a decreasing 
sequence {q,} of irreducible m-primary ideals such that 


i) Aan =a 
and 

(ii) if qisan m-primary ideal containing a, then q, & q forall sufficiently 
large values of n. 

We shall make considerable use of this property. Conversely, of course, 
if there-exists a decreasing sequence {q,,} of irreducible m-primary ideals 
for which (i) and (ii) hold, then a is a principal system. 


+ A ‘proper’ ideal is one which is not the whole ring. 
t An ‘irreducible’ ideal is one which cannot be expressed as the intersection 


of two strictly larger ideals. 
§ Indeed, from a theorem by Cohen [(2) 89, Theorem 15, Corollary 2] (D) is 


a special case of (C). 


Quart. J. Math. Oxford (2), 8 (1957), 119-27. 
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Secondly, if Q denotes the completion of Q, then a Q-ideal a is a principal 
system when and only when Qa is a principal system in Q. 


2. Preliminary lemmas 


Let R be a Noetherian ring and let a be an ideal of R then, if a is irre- 
ducible, it must be primary. Let us therefore consider a primary ideal n 
belonging (say) to the prime ideal p. If n can be expressed as the inter- 
section of two strictly larger ideals, then it is possible to express n as the 
intersection of two strictly larger p-primary ideals. It follows that n is 
irreducible if and only if the corresponding ideal in the ring of quotients of 
R with respect to p is irreducible. Besides this elementary observation 
we require three lemmas concerning irreducible ideals. These can all be 
reduced to the case in which the ring considered is a primary ring} and 
for this situation the results are well known.{ 


Lemma 1. Let n be an irreducible p-primary ideal in a Noetherian ring 
and let a be a p-primary ideal containing n. Then a = n:(n:a). 


Lemma 2. Let n be an irreducible ideal in a Noetherian ring and suppose 
that b is an element not contained in n. Then n:b is also irreducible. 


Lemma 3. Let Q be a local ring with maximal ideal m and let q be an 
m-primary ideal. Then q is irreducible if and only if the Q-module (q: m)/q 
has unit length. 


CoroLuaRyY. Let q be an irreducible m-primary ideal in the local ring Q 
and suppose that q’ strictly contains q. Then q' contains q:m. 


Proof. By the theory of composition series we can find an ideal q” so 
that qc q” < q’ and there is no ideal strictly between q and q”. Then 
mq” < q and therefore qc q” < q:m. But, by the lemma, the Q-module 
q:m has unit length; consequently q:m = q” € q’ as required. 

The next three lemmas are general results concerning local rings. To 
avoid constant repetition we shall agree that, throughout the rest of the 
paper, Q will always denote a local ring with maximal ideal m. 


Lemma 4. Let a be an ideal of Q and let b be an element of Q. Then 
there exists an integer k such that (at+-m"):b ¢ a:b+ m"-~* for all n > k. 


Proof. By passing to the ring Q/a we see that we can assume that 
a = (0). For this situation, however, the lemma is a special case of a 
result due to Rees [(9) 156, Corollary]. 


+ A primary ring is a Noetherian ring with only one proper prime ideal. 
t See Krull [(5) 33] as a general reference. 
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Lemma 5. Let a and b be ideals of Q and let q be an m-primary ideal 
containing aN b. Then 
(a+m*) N (b+m*) < q 
for all sufficiently large values of k. 
Proof. Let Q be the completion of Q. If ¢ denotes a Q-ideal, we shall 
use ¢ to denote its extension to Q. Now by (10) 11, Proposition 3, 


(aN b) = anb 
Nb <q. 


and so 


pT) 
In 


Furthermore, the ideals 


(a+m*) 9 (b+m*), 


for k = 1, 2,..., form a decreasing sequence and their intersection is 
1) (a+-m*) 9 F) (b+ im*) = and. 
k=1 k=1 

It follows} that (a+m*) 9 (h+im*) < G 


for all large values of k and now, projecting back on to Q, we obtain 
the required result. 


It will be convenient to use ‘dim’ as an abbreviation for dimension. 


Lemma 6. Let d = dimQ and suppose that there is a prime ideal p 
belonging to (0) such that dimp <d. If now ae m and is not a zero- 
divisor, then at least one of the prime ideals belonging to (a) has dimension 
smaller than d—1. 


Proof. Assume the contrary. Then all the prime ideals belonging to (a) 
have dimension d—1. Alsoa ¢ p becausea isnot azero-divisor. It follows 
that (a): p = (a), and therefore we can choose p € p so that (a):p = (a). 
But p must be a zero-divisor. Suppose that px = 0, where x + 0. Then 
px = 0€ (a), and therefore x € (a), say x = az,. Again 0 = px = paz, 
and therefore px, = 0 because a is not a zero-divisor. Thus px, = 0 € (a) 
and hence 2, € (a), say x, = ax,. We now have x € (a). Proceeding in 
this way we find that x € (a”) for all values of n. But this implies that 
x = 0, and so we have the required contradiction. 


3. Principal systems and unmixed ideals 
We shall devote this section to showing how the notion of a principal 


system throws light, from a new direction, on the theory of unmixed 
ideals. 


t Here we use a well-known property of complete local rings. See, for example, 
(8) 86, Theorem 1. 
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Lemma 7. Let a be a principal system in Q and suppose that a is not 
m-primary. Then a:m = a. 

Proof. Select a decreasing sequence {q,} of irreducible m-primary 
ideals having properties (i) and (ii) of § 1. Since a is not m-primary, we 
may suppose that the sequence decreases strictly. Accordingly, by the 
corollary to Lemma 3, 

Gn>m & Gn-1 (n m> 2), 
and therefore 
a:m = (n Qn) im =f (a,:m) Sf) a,-1 = 4. 
n=2 n=2 n=2 


The lemma follows. 


THEOREM 1. Let Q be a d-dimensional local ring with the property that 
every ideal generated by a system of parameters is irreducible. If now 
(1, Xp,...,%,) 1s an ideal of dimension d—r, then all its prime ideals are 
(d—r)-dimensional. 

Proof. Assume the contrary. Then there is a prime ideal belonging 
to (x, Xp,...,%,) Whose dimension is less than d—r. If m does not belong 


to (21, %p,...,%,), then we can choose 2,,, € m so that 
(ag y0009 Ly) 2 Bp gg == (Bq y00-y By) 

Applying Lemma 6 to the ring Q/(2,...,x,), we find that (a,,..., #,, 2,4) 
has dimension d—r—1 and that it possesses a prime ideal of smaller 
dimension than this. It follows that, for the remainder of the proof, we 
may assume that (2,,...,x,) has the additional property of possessing m 
as an embedded prime ideal. 

Since dim(2y,...,z,) = d—r, the set x,, Xp,..., 2, is a subset of a system 
Lyy0005 Lpy Lpy 450+) q Of parameters [ (8) 64, Theorem 2]. Consequently, if 
q is an m-primary ideal containing (7,,...,x,), then, provided that 7 is 


large enough 
8 en, (24,0009 Lp) S (Ly, 0005 Lys Loz. a900e, XQ) S Qs 


and, by hypothesis, (2,,...,7,, 7”, ,...,%%) is irreducible. Thus it has been 
shown that (2,,...,z,) is a principal system and it is clearly not m-primary. 
Accordingly, by Lemma 7, 


(X4,...,%,): mt = (2,..., 2,), 


and this is the required contradiction. 


Remarks. At this point it is convenient to make a number of observa- 
tions concerning regular local rings. 

(A) The latter part of the proof of Theorem 1 makes use of the following 
simple idea. If a local ring has the property that every ideal generated by 
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a system of parameters is irreducible, then every ideal which can be generated 
by a subset of a system of parameters is a principal system. Now there is 
a theorem due to Grébner (3) to the effect that; in a regular local ring, 
systems of parameters always generate irreducible ideals. Accordingly, if 
Q is a d-dimensional regular local ring, then an ideal (x,, 2 ,...,2,) of 
dimension d—r must necessarily be a principal system. ; 

(B) Suppose that Q is a d-dimensional regular local ring. By a theorem 
of Krull’s [(4) 211, Theorem 11], if p is a prime ideal, then 

dim p+-rank p = d. 
Thus, for Q, the notions of rank and dimension are entirely comple- 
mentary and therefore to say that (x,,2p,...,x,) is of dimension d—r is 
equivalent to saying that it is an ideal of rank r. 

(C) If we combine Theorem | with Grébner’s theorem, it is interesting 
to note that we obtain the well-known Macaulay—Cohen theorem: if Q 
is a d-dimensional regular local ring and (a1, X2,...,2,) is an ideal of dimen- 
sion d—r, then all the prime ideals of (2,, X9,...,X,) have the same dimension. 
It will be noticed that the theorem has been stated in terms of dimension 
rather than rank but, by virtue of (B), the two forms are equivalent. 

(D) In a regular local ring Q, let (x,,%,,...,2,) be an ideal of rank r 
and let p be one of its prime ideals. The Macaulay—Cohen theorem shows 
that rank p = r and therefore, in particular, p is a minimal prime ideal 
of (x, 2% ,...,%,). Denote by Q, the ring of quotients of Q with respect 
to p. This is a local ring of dimension r and, in it, Q,(%,, %9,...,2,) is an 
ideal generated by a system of parameters. Further, by a recently 
announced theorem of Auslander and Buchsbaum (1), Q, is a regular 
ring. Grébner’s theorem now shows that Q,(2,,2%,,...,%,) is irreducible, 
and therefore the p-primary component of (%,, 75,..., z,) is also irreducible. 
In brief, then, all the primary components of (2,, 7»,..., x,) are irreducible. 

We bring together some of these observations in 

THEOREM 2. Let (x1, 2o,...,x,) be an ideal of rank r in a regular local ring. 
Then (x1, Xo,..-,%,) is a principal system, each of its prime ideals has rank r, 
and its primary components are all irreducible.t+ 


4. Some basic properties of principal systems 
The simplest general result concerning principal systems is given by 


THEOREM 3. Let a be a principal system in a local ring Q and let b be 
an element not contained in a. Then a:b is a principal system. 


+ Cf. Macaulay (7) 39-40, which gives a brief survey of the classical background 
to most of the results in this paper. 
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Proof. Let {q,,} be a decreasing sequence of irreducible m-primary 
ideals having the properties (i) and (ii) of § 1. Since b ¢ a, we can arrange 
(by discarding sufficiently many terms at the beginning) that, for each n, 
b¢éq,. Then in 

a:b = N (q,,:), 


1 


and, by Lemma 2, the q,,:b form a decreasing sequence of irreducible 
m-primary ideals. Suppose that a:6 ¢ q, where q is m-primary. The 
proof will be complete if we can show that q,,:b < q for some value 
of n. Now we can find an increasing sequence {s,,} of positive integers 
such that, for all values of , q,, <¢ a+m"”. Furthermore, by Lemma 4, 
there exists an integer k such that 


(a+m”):6 < a:b+m"-* 
for n > k. Consequently, for n large enough, 
qs,:9 S (a+m"):b < a:b+m"-* c gq. 


This completes the proof. 

The next result is needed, on this occasion, in an auxiliary capacity, 
but there are strong indications that it is likely to occupy a central 
position in generalizations of Macaulay’s theory. In any case, it seems 
to have an intrinsic interest and it would be desirable to have a simple 
ad hoc proof. The one given here uses the full force of Cohen’s structure 
theorems for complete local rings. 


THEOREM 4. Every primary ring Ris a homomorphic image of a primary 
ring with an irreducible zero ideal. 


Proof. Ris a special kind of complete local ring. Hence, by a theorem 
of Cohen’s [(2) 89, Theorem 15, Corollary 2], it is a homomorphic image 
of a regular local ring Q and the kernel of the homomorphism will be an 
m-primary ideal q. Choose, for Q, a system 2, %5,..., %_ of parameters 
so that (2,,2%5,...,%4) © q. By Grdbner’s theorem, (x,,2%p,...,%4) is an 
irreducible ideal. Since R = Q/q is a homomorphic image of 


Q/ (x1, Xo, ecg La), 
this completes the proof. 


Lemma 8. Let q,, qo be irreducible m-primary ideals in a local ring Q 
and suppose that a, € qy,% € qo. Then there exists an irreducible m-primary 
ideal q containing gq, gq, and such that 


G2 % = Qo: %4, G+ Aq = Qi? MX. 
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Proof. We shall first reduce the lemma to the special case in which 
Q is a primary ring whose zero ideal is irreducible. Put 
Q’ = Q/(41, 9 2), q; = 4:/(41 9 Op) 


and let a’; be the residue of «; to modulus q,M q,. Then qj, gg are irre- 
ducible ideals, a; € q; and q, q; = (0). Suppose now that we can find 
an irreducible ideal q’ for which 





Qa, = Geia3, = Qty = Gy sap. 

Then the inverse image of q’ in Q will have all the required properties. 
Hence, for the purposes of the proof, we may suppose that Q is a primary 
ring. 

Appealing now to Theorem 4 we see that we may suppose that 
Q = Q*/a*, where Q* is a oagnagee A ring whose zero ideal is irreducible 
and where a* is a Q*-ideal. Let q¥ be the ideal of Q* which corresponds 
to q; and let «* be a representative of «;. Then q* is irreducible. Further- 
more, if we can find an irreducible ideal q* containing gj q} and such 


that * *. o* 


= 3:7, g*:ag = grag, 
then q*/a* will have all the properties we need. Our combined remarks 
show that it will be sufficient to prove the lemma when Q is a primary 
ring whose zero ideal is irreducible and, from now on, we shall suppose 
that we have this situation. 
Since q; is irreducible, (0):q; is a principal ideal say (0):q; = (f;). 
Put 8 = B,+ 8, and q = (0):8. Then q is irreducible. Also 
q = (0):(B) > (0): ((By)+(B2)) = ((0):B1)) 9 ((0): Be) = 41.9 Qe 
Now «,; € q,, 8; € (0):q,. Consequently a,8, = 0 and therefore 
a, 8B = a, Bo. 
_ Gaia, = ((0):By):0, = (0): By = (0):a, 8 
= ((0):8):04 = q:a4 
and similarly q,:0, = q:a,. This completes the proof. 


*. 
Qu + oy 


THEOREM 5. Let a and a’ be proper ideals in a local ring Q such that 
a:a’ = aanda’':a= a’. Thenan a’ isa principal system when and only 


when both a and a’ are principal systems. 


Proof. Choose «’ € a’ so that a:a’ = a, and a€a so that a’:a = a’. 


+ We make free use of the properties of such rings. The reader will find the 
relevant facts set out in Krull (5) 30-33. 
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Then (aN a’):a =a’, (aNa’):a’ =a. 
Accordingly, by Theorem 3, if a/ a’ is a principal system, then so are 
a and a’. 

From now on we assume that a and a’ are principal systems. Choose 
a decreasing sequence {q,,} of irreducible m-primary ideals so that (i) and 
(ii) of § 1 are satisfied and, for the ideal a’, choose a sequence {q;,} with 
similar properties. Applying Lemma 8 to q,,, q;, and the elements a, a’, 
we see that there exists an irreducible m-primary ideal g,, such that 


Gn > 4,9Q,2aN, G,:0 = @:a, G,:0’ = Qnia’. 
Of course, the §,, need not form a decreasing sequence. Let q* be an 
m-primary ideal containing aM a’. To complete the proof we need only 
show that g,, < q* for some value of n. 
By Lemma 5, we can choose r so that 
(a+ m’)N (a’+m’) € q*. 
Further, since a:«’ = a and a’:a = a’, we see, by Lemma 4, that, if we 
choose s large enough, , 
(at+m’):a’ Cat+m and (a’+m'):a¢ a’+m’. 
Having chosen s, now choose 7 so that q, < a+m* and qj, € a’+m!; 


then ain S Gna’) O (Giy2a) = (Guia’) 9 (4,22) 


S {(a+m’):a’} N {(a’+ m’):a} S (a+ m’) N (a’+m’) 
S q*. 
This proves the theorem. 
Lemna 9. Let Q be a homomorphic image of a regular local ring and let 


n be a primary ideal of Q. Then n is the intersection of a finite number of 
principal systems. 

Proof. Without loss of generality we may suppose that Q itself is 
regular. Let n be p-primary and ofrankr. Then we can choose r elements 
XL, Lo,..., X, in n so that (2, 7»,...,x,) is an ideal of rank r.t Clearly p 
belongs to (2,,%,..,2,) and, if ny is the p-primary component, then 
Ng S n. Moreover, by virtue of Theorems 2 and 5, ny is both an irreducible 
ideal and a principal system. 

Put No: = a = (4), z,...,4,), SAY. 


Then, by Lemma 1, 


8 
1 = tg: (ite: ) = ea = A) (10:4). 
1= 


t+ See, for example, (8) 61, Theorem 8. 
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But, by Theorem 3, ny:a; is either the whole ring, in which case it can 
be ignored, or else it is a principal system. This establishes the lemma. 

THEOREM 6. Let Q be a homomorphic image of a regular local ring. 
Then every ideal of Q is the intersection of a finite nwmber of principal 
systems. Further, every irreducible ideal is a principal system. 

Proof. The first assertion follows at once from Lemma 9. Let a be 
an irreducible ideal. Then we can write 

a=a,Na,N...N a,, 

where each a; is a principal system and the integer s is minimal. We 
must now haves = 1. For, ifs > 2, then a, anda, ... a, both strictly 
contain a, and this is impossible because a is irreducible. 


Since every complete local ring is a homomorphic image of a regular 
local ring, we have, in particular, the corollary: 
’ CoROLLARY. Inacomplete local ring every irreducible ideal is a principal 
system. : 
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A NOTE ON MATRIX POLYNOMIALS 


By L. MIRSKY (Sheffield) and R. RADO (Reading) 
[Received 9 October 1956] 


1. Let d(x) be a polynomial and A a square matrix. It is evident that, 
if A is diagonable (i.e. similar to a diagonal matrix), then so is ¢(A). 
Equally, if A is normal (i.e. if it commutes with its transposed conjugate), — 
then so is ¢(A). Our object in § 2 is to establish conditions sufficient to 
ensure that the converse inferences should be valid. 

Suppose, now, that A can be expressed as a polynomial in ¢(A). Then 
the diagonability or normality of ¢(A) imply those of A. This suggests 
the problem of determining under what conditions there exists a poly- 
nomial p(x) such that p{(A)} = A. We shall solve this problem in § 3 
by means of a general result on polynomial congruences. Finally, in 
§ 4, we shall give generalizations of earlier theorems in which the poly- 
nomial ¢(x) is replaced by a regular function. 


2. THEOREM 1. Let A be a complex nxn matrix with characteristic 
roots w,,..., wW,. Let d(x) be any polynomial and f(x) a polynomial such 
that f(A) = O. 

(i) Suppose that 

'(w,) #0 whenever f'(w,) = 0.F (1) 
Then, if (A) is diagonable, sois A. In particular, this conclusion is valid 
if no characteristic root of A is a zero of $'(x). 

(ii) Suppose that, in addition to (1), we also have 

$(w,) # o(w,) whenever w, ~ w,. 
Then, if ¢(A) is normal, so is A. 

To prove (i), assume that (1) is satisfied. Denote by R(A) the rank 
of A and by m(A;w) the multiplicity of w as characteristic root of A. 

Suppose, in the first place, that f’(w,) = 0, so that ¢’(w,) 4 0. We 
—_ $(x)—$(0y) = (@—ey (x) 
for a certain polynomial (x). Hence 

$(A)—¢(w,)I = (A—a, I)y(A). (3) 


+ If, for a given ¢, at least one polynomial f(x) annihilating A satisfies (1), 
then so does the minimum polynomial of A. * 


Quart. J. Math. Oxford (2), 8 (1957), 128-32. 
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The characteristic roots of ¥(A) are (w,),..., ¥(w,,). Therefore, since 
ys(w,) = $'(@,), m{xb(A); 0} is equal to the number of r such that 


area — Ww, F Wy} 
thus m{ys(A); 0} = m{d(A); o(w,)}—m(A; w,). (4) 
If 4(A) is diagonable, then, using (3) and (4), we obtain 
n—m{$(A); $(,)} = R{d(A)—¢(w,)} = R{(A—a, I)p(A)} 
> R(A—w, I) gto > R(A—w, 1)+[n—mfyp(A) ria 
= R(A—w,1)—m{d(A); (@,)}+m(A; w,) > n—m{d(A); d(w)}. 
Hence Png = n—m(A;w,). (5) 

Now let f’(w,) #0. Then, since f(w,) = 0, it follows that w, is a 
simple zero of f(z) and so of the minimum polynomial of A. Therefore 
(5) is again valid. But w, is an arbitrary characteristic root of A; hence 
A is diagonable, and the proof of (i) is complete. 

Suppose, next, that both (1) and (2) are satisfied. In view of (2) we 
know that the principal idempotent elements of ¢(A) are the same as 
those of A.{ Now, a matrix is normal if and only if it is diagonable and 
all its principal idempotent elements are hermitian. Hence, if 4(A) is 
normal, all principal idempotent elements of A are hermitian. Moreover, 
A is diagonable by (i). Therefore it is normal, and (ii) is proved. 

It is easily meee by simple examples that the restrictions 
imposed on A and ¢(z2) in (i) and (ii) cannot be dispensed with. Thus, if 


(0 1 — 
A=(; of d(x) = 22, 


then ¢(A) is diagonable whereas A is not; in this case (1) is not satisfied 


for any f(x) annihilating A. Again, if 


0 1 
A == ( ; = 0, 
(a 
then ¢(A) is normal whereas A is not; here condition (2) is violated. 


3. Our next object is to determine necessary and sufficient conditions 
for A to be expressible in the form p{d(A)}, where p(x) is a suitable 
polynomial. The case 


A = (; aw — f(x) = 2-1, d(x) = 2? 


+ An alternative procedure is to make use of the classical canonical form. 
t See e.g. Wedderburn, Lectures on matrices (New York, 1934), 30. 
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shows that the hypothesis of Theorem 1 (i) does not furnish a sufficient 
condition. To settle the problem, we need to establish the following 
result on polynomial congruences. 


THEOREM 2. Let f(x), d(x) be polynomials with coefficients in a field E; 
and let E’ be an extension field of E in which f(x) factorizes completely, say 


fle) = I (x—a,)*, 


where o,..., %, are distinct and k,,..., k 
nomial p(x) € E[a] such that 

p{d(x)} = x (mod f(z)) 
$(a,) A Pla) (lLor<s<m) ; (6) 
and $'(at) AO whenever k, > 1. (7) 


>1. Then there exists a poly- 


m 


if and only if 


Suppose, in the first place, that 
P{d(x)} = x+f(x)p, (2), (8) 
where p(x), p,(z) € E[x]. Then, forl <r<s<m, 


P{GP(%,)} = a, A a = P{P(a,)}, 
so that (6) is satisfied. Furthermore, if k, > 1, then f’(a«,) = 0, and 
therefore p’{d(a,)}¢’(a,) = 1; hence (7) follows. 

Next, suppose that (6) and (7) are satisfied. It is to be understood 
that the coefficients of all polynomials introduced below are elements 
of E’ unless the contrary is stated. For every value of r in the range 
1 <r <_mwe shall determine a polynomial q,(y) such that 


qAg¢(x)} =x (mod (x—a,)'*). (9) 


If k, = 1, d(a«,) = 0, we may take q,(y) = y+a,. If k, = 1, d(a,) 4 9, 
we may take q,(y) = «,y/$(a,). Next, let k, > 2. Then, for 1 < s < k,, 


{$(x)—$(a,)}" = ¥ Ca(e—a,)' (mod (7—a,)*), (10) 


where the c’s belong to H’ and, by (7), c,,, = {¢'(a,)}* 4 0. Using (10) 
successively for s = 1, 2,...,k,—1, we infer the existence of a polynomial 
#,(y) such that x—a, = ¥,{o(x)} (mod (a—a,)**), 


and it follows that ¢,(y) = ¥,(y)+«, satisfies (9). 
In view of (6) it is now possible to choose a polynomial g(y) such that 


gy) = 9,(y) (mod {y—¢(a,)}**) (r = 1,..., m). 
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Hence a{d(x)} = g{b(x)} (mod(x—a,)*r) (r = 1,..., m), 


and so, by (9), qad(x)} =x (modf(zx)). 
Thus there exist polynomials q(x), 9,(x) € E’[x] such that 
Kd(x)} = e+f(x)qy(x). (11) 


But (11) is a system of linear equations for the coefficients of q(x) and 
q,(x), and the coefficients of this system are elements of H. Hence, since 
the system is soluble, it is soluble in £, i.e. there exist polynomials 
p(x), p(x) € E[x] satisfying (8). This completes the proof of Theorem 2. 


THEOREM 3. Let d(x) be a polynomial, and denote by 
f(x) = I (x—a,)*r 
r= 
{where o,..., «, are distinct and ky,,..., k,, > 1) the minimum polynomial 
of the matrix A. Then there exists a. polynomial p(x) such that 


P{p(A)} = A (12) 
if and only if the relations (6) and (7) are satisfied. 
This result follows at once from Theorem 2 since (12) is equivalent to 
the congruence p{d(x)} =x (mod f(z). 


If the coefficients of ¢(a) and the characteristic roots of A are real and 
if a polynomial p(x) satisfying (12) exists, then it can be chosen in such 
a way that its coefficients are real. 

It may also be of interest to note that Theorem 1 (ii) is an immediate 
consequence of Theorem 3. 


4. Let x(z) denote a function regular in the circle |z| < p, and let its 
expansion as a power series be given by 


@ 
x(z) = > c,2’. 
v=0 


If all characteristic roots of A are, in modulus, less than p, then y(A) is 
defined as the sum of the (necessarily convergent) matrix power series 


x(A) = 2, Cc, A’. 


It is now easy to see that Theorems | and 3 continue to hold when the 
polynomial ¢(x) is replaced by the regular function y(z). To verify this 
we need merely recall that there exists a polynomial ¢,(x), whose 
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coefficients depend on x(z) and A, such that y(A) = ¢,(A) and 
x'(«) = $4(«) 
for every multiple zero « of the minimum polynomial of A. 
From the extended form of Theorem 1 it follows, in particular, that, 


if exp A is diagonable, then so is A. Again, if exp A is normal and no 
two characteristic roots of A differ by an integral multiple of 27i, then 


A is also normal. 


























ON THE H-FUNCTIONS OF S. CHANDRASEKHAR 
By I. W. BUSBRIDGE (Ozford) 
[Received 15 October 1956] 


1. Introduction 
CHANDRASEKHAR’S H-functions are solutions of integral equations of 
the form 


1 
l { =) 
——— = —_— dx, (1.1) 
H(p) . : pre 
where ‘Y’(2) is non-negative for 0 < x < 1 and satisfies the condition 
; 
| W(a) dx < }. (1.2) 


The case of equality in (1.2) is called the conservative case. 

In Chandrasekhar’s introductory papers (1) and (2) the treatment 
was non-rigorous, and the only rigorous treatment was a very general 
one by M. M. Crum in (4). In (3) there is a modified version of (4). 

Crum’s argument, even as given in (3), is not at all easy to follow, 
and some simpler rigorous treatment is needed for the benefit of scientists 
working with transfer problems in which H-functions occur. This paper 
is an attempt to supply this need. 


2. The characteristic function 

In most practical cases (2) is a polynomial, and it is here that it is 
helpful to assume more than Crum does. We shall assume that 

‘Y’'(z) is real and non-negative for 0 < z < 1; that every point of the closed 
interval (—1, 1) lies in a domain D of the z-plane in which ‘V(z) is regular; 
and that ‘’(z) satisfies the condition (1.2). 

Since every point of the interval (—1,1) is an interior point of D, 
‘Y(z) is continuous in the interval and bounded in the neighbourhood 


of any point of the interval. 
The solution of (1.1) depends upon the characteristic function 


1 
T (pw) = 1—2p? [ 76) dz = 1— fy (x) dx— 2 eae, 


pe—a? 





(2.1) 


Quart. J. Math. Oxford (2), 8 (1957), 133-40. 
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and upon the characteristic equation 
T(u) = 0. (2.2) 


The function 7(u) is an even function of » which is regular in the 
p-plane cut along (—1,1). From the right-hand member of (2.1) it is 
seen that, for large p, 


1 
Tu) = 1—2 | W(x) dx +O(u-?). (2.3) 


0 
Since ¥’(z) can be written in the form 
F(z) = 44(2)+z42(2"), (2.4) 


where each y,(z?) is an even function of z which is regular in D, there- 
fore, for » in D but not on the cut along (—1,1), 7'(u) can be written 


. | 
d 

T () = 1—2p? | (ale*) dale) +2Lale) dD aa 

0 





1 2 
— p(n —Ap(u2)In =, (2.5) 


where the logarithms are the principal values. The integral on the right 
of (2.5) represents a function regular in D which has a double zero at 
p. = 0, and it is therefore seen that 


T(u) =1+4+0(\u|) as |p| >0 (2.6) 


uniformly in arg» in the cut plane. 
With regard to the roots of (2.2), three cases have to be distinguished: 


(i) the conservative case when 7'(u) has a double zero at infinity; 


(ii) the non-conservative case in which lim Tu) < 0, when 7'(u) 
p>1+0 


has simple zeros p = +k-! (0 << k < 1);f 
(iii) the non-conservative case in which lim T(yu) > 0, when Tu) 
—1 
has no zeros in the cut plane. pipe 
We shall refer to these cases by numbers. The proof given in (3) that 
these are the only zeros in the cut plane is quite simple. 


+t If pw is real, T(z) is a steadily increasing function of p in (1,0) and, 
by (1.2) and (2.3), lim 7(u) > 0. Hence there is one zero in (1,0) if 
uo 
lim T(u) < 0. 


u—>1+0 
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3. The functional relation 
Although not explicitly stated, the following theorem is proved in (3): 


THEOREM I. Jf H() is any solution of (1.1) which is continuous in the 
interval 0 < p <1, then 1/H(p) is regular in the p-plane cut along (—1, 0). 
In the p-plane cut along (—1,1), H() satisfies the functional relation 

(yu) H(—p) = 1/T(u). (3.1) 
In case (i), H(w) is regular in the p-plane cut along (—1,0) apart from a 
simple pole at infinity; in case (ii), H(u) is regular in the cut plane apart 
from a simple pole at either p = k-! or p = —k-; in case (iii), H(p) ts 
regular in the cut plane. 

The analytic properties of 1/H(u) follow at once from (1.1) and the 
proof of the relation (3.1) is quite simple [see (4) 246, or (3) 116]. The 
analytic properties of H(u) follow from those of 1/H(y) and from the 
relation (3.1) since zeros of 1/H(j) can occur only at the zeros of T'(). 


4. The solution of the H-equation 

I shall prove the following theorem: 

THEOREM II. The integral equation (1.1) has a solution H(u) which is 
regular in the p-plane cut along (—1, 0) apart from a simple pole at infinity 





in case (i) and a simple pole at 1 = —1/k in case (ii). For ren > 0, H(p) 
is given by - 
In T(z) 
H() = : ' 4.1 
(4) = exp), — | 22 dz (4.1) 








—io 
In cases (i) and (iii) this is the only solution of (1.1) which is continuous 
in the interval O <p <1. In case (ii) the function 


Hy(u) = HW) (4.2) 


is also such a solution, and there are no other solutions. 


We shall first obtain the integral (4.1) by a method suggested by the 
Wiener—Hopf solution of the integral equation 


I(r) = hy | J(t)E,(|t—z|) dt, 
0 


which gives rise to the H-functions in the particular case V(x) = }y. 
We shall then verify that (4.1) is a solution of (1.1) and we shall finally 


consider the uniqueness. 
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4.1. Let 1s2—] 


82 





T(s-1) (case (i)) 


K(s) = _ , 4.3 
(s) <5 Te (case (ii)) saa 








.T(s-) (case (iii)) ) 
By § 2, K(s) is regular and not zero in the s-plane cut along (—oo, —1) 
and (1,00). In this cut plane, by (2.6), 

K(s) = 14-O(|s|-1) as |s| > 00, (4.4) 
uniformly in args. From (4.3), (2.1), and (1.2) it is easily seen that 


K(it) > 0 for —co < t < @, and it follows that In K(s) can be defined 
to be that branch which is such that 


In K(s) = O(\s|-1) as |s| > 00 (4.5) 
uniformly in args. This branch is regular in the cut plane. 
By Cauchy’s integral theorem we can write 
K(s) = K~(s)/K+(s), (4.6) 
where |res| < b (0 <b < 1) and 


b+ia 


In K-(s) = = | =—t) dz, (4.7) 
. b— io 
ay 
In K+(s) = = | st dz. (4.8) 
—b—iao 


Both these integrals exist in virtue of (4.5). Again by (4.5), the line of 
integration for In K*(s) can be deformed into a loop starting from infinity 
below the cut along (—oo, —1), passing round the branch-point at —1 
and returning to infinity above the cut. With the usual notation 
(-1,+) 
In K+(s) = | aaron (4.9) 
2m ; 

From this it follows that In K+(s) is regular in the s-plane cut along 
(—oo,—1) and that K+(s) is regular and not zero in this cut plane. 

Similarly K~-(s) is regular and not zero in the s-plane cut along (1,00). 
By replacing s and z by —s and —z in (4.8), we see that, if res < b, 

In K+(—s) = —In K~(s) 

and hence that K+(—s)K-(s) = 1. (4.10) 


This holds, by analytic continuation, in the s-plane cut along (1, 00). 





; 
| 
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Finally, consider K+(s) as |s| > 00 in the plane cut along (—0oo, —1). 
Let s = pe'?, where |¢| < 37. In (4.9) we can take the contour to be 
the two sides of the cut together with an indentation of radius » about 
s = —1. From (2.5) and (4.3) it is seen that K(s) is at most O(In y) on 
the indentation, and hence that the integral round the indentation is 
O(n InIn»). On the sides of the cut z = —2 and 


z—8s| > p, |z—s| >2. 
Hence, on choosing 7 sufficiently small and then using (4.5), we have 
p , 2 


ees > ee ae dx\ | 
In K+(s)| < ol =) +0 | a) +o) 
p 


+n 
-o(1) as p>, 
uniformly in args. Thus 
K+(s)>1 as |s| +00 ({args| < 4m). (4.11) 
From (4.4), (4.6), and (4.10) it now follows that K+(—s) > 1 as |s| >a 
in the half-plane |args| < $m cut along (1,00), and hence that, in the 
plane cut along (—oo, —1), 


K+(s)> 1 as |s| >, (4.12) 


uniformly in args. 


4.2. Now define (l+p)K+(u-) (case (i)) 


H(yn) = tk K+(u-!) (ease (ii)) }. (4.13) 
K+(p-1) (case (iii)) 


Then H(,) is regular and not zero in the y-plane cut along (— 1, 0) except 
for a simple pole at infinity in case (i) and a simple pole at » = —k- 
in case (ii). 

By (4.13), (4.10), (4.6), and (4.3), it follows at once that H(z) satisfies 
the functional relation (3.1). 

If res > 0, we can take b = 0 in (4.8). Then, since A(z) is an even 
function of z, 


ix 


oe 1 — oo l 7 s [InK(z) , 
~ nK+(s) = i | In Ka} dz = = [ or dz. 
, 0 0 


On putting s = p-!, z = (-', we get 
0 ix 
"(¢-1 ° "(¢-1 
In K+(p-1) = ad [ BAG - ) dl = a. | mae ) df (rep > 0). 
mi) Capt ~ tet J Be 





" on (4.14) 
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But [cf. (3) 115], if ren > 0, rea > 0, 





2 
ra i —— dt = —In(1-+ap), (4.15) 
and so, on subtracting (4.15) with a = 1 from (4.14) and using (4.13) and 
(4.3), we get (4.1) in case (i). In case (ii) we have to subtract (4.15) with 
a = 1 and add (4.15) with a = k to (4.14) to get (4.1). In case (iii), 
(4.14) is (4.1). 

From (4.12) and (4.13) it follows that, in the p-plane cut along (—1, 0), 


H(yp)>1 as |p| >0 (4.16) 
uniformly in arg p. 


4.3. We have now to prove that H(y) satisfies (1.1). Let u be any 
point of the »-plane cut along (— 1,0). Then z = —y is any point of the 
z-plane cut along (0,1). From (4.13) and the fact that K+(0) is finite 
and not zero, it follows that 


1/H(z) > 0 as zoo (case (i)), 


1/H(z) > a finite limit as z— 00 (cases (ii), (iii)). 


dz 
Hence | et m)H—2) >0 as R->o. (4.17) 


lzl= 
Let TI be a closed contour in the z-plane, cut along (0, 1), which surrounds 
the cut but does not contain z = —yp. Then, on using (4.17), we get 


=| ree 
amt. 2(z+p)H(—z)  pH(p) 


Let T consist of (i) y, the circle z = ee“, where ¢ runs from 0 to 2z, 
(ii) A the lower side of the cut from x = « tox = 1—e, (iii) y, the circle 
z = 1+ee'?, where ¢ runs from —z to 7, (iv) A’ the upper side of the 
cut from « ='1—« tox =. For sufficiently small e, [is in D and —p 
is outside [. We shall let «> 0. By (3.1), per can be written in the 


form 
1 ie dl dz H(z)T(z) 
H(u) 2a J e+ n)H—2) * Dri =) dz. (4.19) 


(4.18) 








By (4.16), the namin of yy is aia ies by (2.5) that of y, is 
O(elIne) = 0(1). Also, by (2.5) and (2.4), 
T(z) = oe pieriog on A, 
Q(x)+ine¥ (x) ond’, 
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where 
2 7 2 2 2 2 dy 
Q(x) = 1—2e | thy )—y, (x )+y[vely )—p(x Vay 
0 


2 
1—2?" 


(4.20) 





— ap, (x*) nF — 2%4y(22) In 
Hence, when we let « > 0, (4.19) becomes ’ 


1 
alae ae | PB {Q(a)—ina¥ (x) —O(x)—ina'¥ (ax)} dz, 


H(u) ani J xe p) 
1 
. 1 | f A(x) ¥ (2) 
1.6. i" wf = 


and this is (1.1). 
_ 4.4, The following proof of the uniqueness is a little simpler than 
Crum’s [see (3) 122], though the ideas used are the same. 
Let H,() be any solution of (1.1) which is continuous in the interval 
0 <p <1. By Theorem I, 1/H,(u) is regular in the p-plane cut along 


(—1,0), it may have a simple zero at either » = k-! or at p = —k- 
(case (ii)), and it satisfies (3.1). Hence 

A, (u)Hy(—p) = 1/T(u) = A(u)H(—p). (4.21) 

Let $(n) = H(u)/Hy(u). (4.22) 

Then ¢(,) is regular in the plane cut along (—1, 6) except, possibly, for 

a simple pole at infinity in case (i) or a simple pole at 1» = —k- in 


case (ii). Since H(z) is non-zero, the only possible zero of ¢() is at 
pe = k-* (case (ii)). From (4.21) we have 

$(u)o(—p) = 1, (4.23) 
and it follows from this that ¢() is regular in the whole p-plane except, 
possibly, for a simple pole at infinity (case (i)), at —k- (case (ii)), and an 
isolated singularity at 1 = 0. However, by letting 4 > 00 in (4.23), we 


see that b(n) > +1 as poo, (4.24) 


and ¢(u) is regular there. 
Corisider H,(u) asp > 0. Ifrep > Oand0 < x < 1,then |u+a| > |p| 
and |u+2a| > 2. It follows from (1.1) that, if 0 < » <1, 


: 1 
| H, (x) |'F'(x) 
Tia <J eatdabes oH dx 





=o0(1) as |u|>0 
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by choosing first 7 and then n. Hence 
A,(u)>1 as |u| > 0 for rep > 0. (4.25) 


By (4.16), the same is true of H() and therefore of 4(u). From (4.23) it 


now follows that $(u)>1 asp—>0 (4.26) 


in any manner. Hence ¢(,) is regular at p = 0. 

In cases (i) and (iii), d(u) is a bounded integral function and it is 
therefore a constant, which must be unity. Thus the solution H() is 
unique. 

In case (ii), if ¢(u) has a simple pole at 1» = —k-!, it must also have 
a simple zero at » = k-! [by (4.23)]. The only function with this pole 
and zero, regular elsewhere, and satisfying (4.24) and (4.26) is 


Hence the only other solution is 
— l+kp 
 l—kp 


The verification that this is also a solution is simple. See (3) 123. 


Hi, (1) H(u). 


Acknowledgement. Iam indebted to the referee for pointing out that 
(4.12) is true uniformly in args, thus effecting a great simplification in 
§ 4.3, and for showing that ‘Y’(z) need not be restricted to be an even 
function. 
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A CONGRUENCE PROPERTY OF 
RAMANUJAN’S FUNCTION 


By P. J. McCARTHY (Florida State University) 


[Received 3 November 1956] 


XAMANUJAN’S function 7(n) is defined by 
@ 2) 
> r(n)a" = x TJ (l—a")** (j2| < 1). 
I i 


In (1), Bambah and Chowla state, without proof, the following con- 
gruence for 7(n): 


7(n) 8n404(n)—14/2(1—n—n)o,(n)+ 


\ 
+(2n?—3)o(n)+ > o(u)o,(7v)} (mod 49), 


u+7v=n 


with the added condition that (n,7) = 1. Here o,(n) is the sum of the 
rth powers of all the divisors of n; o(n) = o,(n). 

My purpose in this note is to obtain a second congruence for 7(n) for 
the modulus 49. This congruence will be simpler in form than the above 
congruence, will be very easy to obtain, and will hold even when 7 
divides n. 

Following Ramanujan [(2) 140], we set 


Q=1+2 240 ¥ oy (n)x”, 


R= 1—504 ¥o, n)a”. 


oo 


Then [(2) 144], 28 ¥ r(n)a” = G— 


1 


Now, from the relation 4 of Table I on page 141 of (2) we have 
pag 
Y = Q(1+ 39> o,(n)x") (mod 49), 
I 
and from relation 6 of that same table 


5R? = 5+7 s 03,(n)x” (mod 49). 
I 


Quart. J. Math. Oxford (2), 8 (1957), 141-2. 
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5.1728 >) t(n)x” = 5(Q3— R?) 
1 


= 5(1+44 > o(n)x") + 
45.39 : on(n)e"(1+-44 > oy(n)") — 


—5—7 > o,,(n)a” (mod 49). 
1 


If we now use the fact that 5.1728.46 = 1 (mod 49), reduce all coeffi- 
cients modulo 49, and compare coefficients of «”, we obtain 


T(n) = 260,(n)+30,(n)+210,,(n)+34U, ,(n) (mod 49), 


n—1 
where U,,(n) = > o,(k)o,(n—k) (n> 1), 
1 
U,,(1) = 0. 
REFERENCES 


1. R. P. Bambah and 8. Chowla, ‘Some new congruence properties of Ramanu- 
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A NOTE ON MATHIEU’S FUNCTIONS 
By AUREL WINTNER (Johns Hopkins University) 
[Received 23 November 1956] 


SoME time ago I initiated an existence theory of completely-monotone 
solutions for ordinary linear differential equations. The purpose of this 
note is to point out a relation which the general theory supplies for the 
particular case of Mathieu’s equation. The explicit form of the ‘density 
function’ in the resulting integral representation does not seem to follow 
from classical formulae. On the other hand, that result can hardly be 
of a type which is not fundamentally ‘explicit’ in nature; in fact, the 
device to be applied fails in every case distinct from Mathieu’s choice of 


the coefficient function. 


It is known} that, if both coefficient functions of a differential equation 
d?y/dx?-+a,(x)dy/dx—a(x)y = 0, (1) 
where 0<2%< 0, (2) 
have derivatives of arbitrarily high order which, at every point of the 
half-line (2), satisfy the inequalities 
(—d/dx)"a,(x) > 0 
for m = 0, 1,..., then (1) possesses on (2) some solution y = y(x) 4 0 
which is representable in the form 


y(x) = | em dF(O), (3) 
0 
where F(t) is a certain function satisfying 
0AdF(t)>0 for0<t<oa (4) 
and rendering the integral (3) convergent at every point of (2). 
Clearly, the conditions imposed on the functions a;(x) are satisfied if 
(though not only if) ; 


a,(x) = 2 40/0" (a; = 9), (5) 
n= 


provided that both Taylor series (5) (in 1/x) converge on the whole of 
(2); in other words, if a,(1/z) and a,(1/z) are entire functions of z and 
have at z = 0 real, non-negative derivatives only (this includes the 0th 
derivatives). 


t Cf. G. Doetsch, Handbuch der Laplace-Transformation, 2, part 1 (1955), 
399-404. 


Quart. J. Math. Oxford (2), 8 (1957), 143-5. 
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It does not seem to have been observed thus far that the case (5) of 
the general theorem has a curious consequence for Mathieu’s equation 


d?y/d¢?+ (p—2q cos 2$)y = 0 (6) 
if both constants p, g are real and non-negative (and the angular variable 
¢ is real). Actually, a connexion between (6) and a particular case of the 
case (5) of (1) can be obtained by an adaptation (to the real case) of the 


standard substitution} which ‘rationalizes’ (6). 
First, (6) is identical with 


d*y/ds*— (p—2q cosh 2s)y = 0 (7) 


if¢ = is. Next, ifq > 0, then the substitution g!e-* = x transforms the 
line —oo < s < o and the equation (7) into (2) and 


ad (x dy/dx)/dx—(p+-q/x*+-x?/q)y = 9, (8) 


respectively, since ds = (—dz)/x and e* = 2?/q. But (8) can be written 
in the form (1) by placing 


a,(x) = I/a, a(x) = 1/q+p/x?+q/24, (9) 
and the choice (9) of the functions (5) complies with all inequalities of 
(5)ifqg >O0andp>0. 

Accordingly, it follows from the general theorem on (1) that (8) must 
possess on the half-line (2) some solution y = y(x) + 0 which, on (2), is 
representable as a (convergent) integral (3) in which F(t) = F,,(t) is a 
certain function satisfying (4). But the convergence of (3) for x > 0 
implies the convergence of (3) for rex > 0. On the other hand, (8) is 
identical with (6) by virtue of x = qe’? and, since x = q' cos¢ for real ¢, 
the proviso rex > 0 is satisfied if q! > 0 and 


—in <¢ <}r. (10) 


Since the coefficient function of (6), and hence, (6) being linear, every 
solution y of (6) as well, is an entire function of ¢ if, for a moment, ¢ is 
allowed to be complex, it follows that (6) has a solution y = y(¢) 4 0 
which, on the open interval (10), is representable as an absolutely con- 
vergent integral 


y(¢) = | exp(—qie'*t) dF (0), (11) 
0 


where F = F,,, is the same function of t (> 0) as in (3). 


Let the integration variable ¢t be replaced by q-!t, where q (> 0) is 


+ Cf., e.g., G. Doetsch, op. cit. 397. 
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fixed. Then the half-line 0 < ¢t < © goes over into itself, and the real 
part of (11) becomes 

ioe) 

y(¢) = | exp(—tcos d)cos(tsin ¢) dF (t). (12) 

0 
Since (6) is a real equation, it follows that (6) has a solution which is 
representable as an absolutely convergent integral (12) on (10). Needless 
to say, the imaginary part of (11) is another solution: that is, (12) remains 
a solution if its second ‘cos’ is changed to ‘sin’. But it is clear that, if 
y(¢) denotes this sine integral, then both y(¢) and dy(¢)/dé become 0 at 
¢ = 0, which means that the sine integral is the trivial solution, y(¢) = 0, 
of (6). Such is not the case for the cosine integral since (12) and (4) show 
that y(d) > 0 at d = 0. 

Note that the length of the interval (10), the interval on which (12) is 
valid, is precisely the period 7 of the coefficient function of (6). This 
point is essential since, except in the case p* = p*(q) of an eigenvalue 
p = p*, the classical theory (Fuchs—Floquet) supplies for (6) the exis- 
tence of two linearly independent solutions, say y = y,(¢) andy = y,(¢), 
both of which are of the form ef (t), where the two ‘characteristic expo- 
nents’ A = A(p,q) need not be real and both functions f (¢) are of period 7 
(in Ince’s ‘logarithmic’ case of an eigenvalue p = p*, only y,(t) is of the 
form ef (t), where f(t) is of period z.)+ 

This raises the question of the explicit determination of the function 
(4) occurring in (12) (when p > 0 and q > 0 are arbitrary). An answer 
could perhaps be computed from a known integral connexion} between 
cylinder functions and the solutions of (6).§ In the particular case of 
eigenfunctions, that is, of Mathieu functions in the customary sense of 
the term, the hyperbolic form of Whittaker’s integral equations|| seems 
to be the appropriate point of departure for such a verification. 

+ Cf., e.g., E. G. C. Poole, Introduction to the theory of linear differential 
equations (Oxford, 1936), 171-2 and 179-82. 

t Cf. G. Doetsch, op. cit. 398-9. 

§ Concerning a corresponding question arising for Whittaker’s normal form 
of the confluent hypergeometric equation (an equation which, in view of (9), can 
be thought of as a limiting case of Mathieu’s equation), cf. sections 11-12, 
formulae (36)—(43), of a paper to appear in the Rendiconti del Circolo Matematico 


di Palermo. 
|| Cf. E. G. C. Poole, op. cit. 197-8, formulae (iv). 
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THE STURM-LIOUVILLE PROBLEM FOR 
FOURTH-ORDER DIFFERENTIAL 
EQUATIONS 


By W. N. EVERITT (Shrivenham) 
[Received 16 December 1956] 


1. In this paper I consider the direct extension to fourth-order ordinary 
differential equations of the analysis of the Sturm—Liouville problem 
given in his book (1) by E. C. Titchmarsh. This type of problem has 
been considered, for general-order equations, by many writers [see in 
particular Birkhoff (2) and Tamarkin (3)]. Here we consider some of the 
explicit constructions for the eigenfunctions; the fact that equations of 
the fourth and higher order are occurring in mathematical physics 
suggests that such information might be useful [see Eringen (5) and 
Chandrasekhar (4)]. 

The method stems from a new representation of the Green’s function 
for a boundary-value problem. The method can be at once extended 
to equations of higher order and to more general boundary conditions 
than I consider here. Most of the information presented is taken from 
a D.Phil. thesis (May, 1955) accepted by the University of Oxford. In 
some places excessive details have been omitted but the results obtained 
are stated in full. 

The work is based on the book Titchmarsh (1) and some ideas from 
the paper by Kodaira (6). 

The author wishes to express his gratitude to Professor E. C. Titch- 
marsh. 


2. The boundary-value problem (B.V.P.) we consider is the differential 
equation * 
Ly = Y—[q(z) YP P+ale)y =Ay (@<x<b), (2.1) 
where y” denotes the differential coefficient of order r with respect to z, 
with the Sturmian boundary conditions 


Ua,y) = > (—1+a$-JyM(a) = 0 (i =1,2), (2.2) 
j=0 

U(b,y) = > (—1)p$-4y) = 0 (i = 1, 2). (2.3) 
i= 


The unusual form of the aj and f/ in the boundary conditions is chosen 
Quart. J. Math. Oxford (2), 8 (1957), 146-60. 
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for convenience in dealing with the problem of asymptotic expansions 
of certain solutions of (2.1) which may perhaps be discussed in a later 
note. 


We require the following conditions: 


(i) the closed interval [a, b] is finite; 
(ii) Q(x), 9,(”), and g{?(x) are real-valued and continuous in [a, 6]; 
(iii) A is An complex eigenvalue parameter (A = u+iv); 
7) all the of and fi are real-valued; 
v) the row vectors (aj) and (a4) (j = 1...., 4) are linearly independent 
and satisfy 


(iv 

(Vv 
._ 4 4 = ‘ 

Qa(@){o a2 — ary 3} + fx a — ag 4 Fay 1 — ay} = 0; (2.4) 


(vi 


— 


the £/ satisfy conditions similar to (v) with a, « replaced by 8, B. 


It is easily seen that the operator L of (2.1) is self-adjoint [see Ince 
(7) 125 and Kamke (9) 76]. The condition (2.4), together with the similar 
condition for the fi implies that the B.V.P. (2.1) to (2.3) is self-adjoint 
[see Birkhoff (2) and Kamke (9) 187]. This follows from results in the 
paper by Latshaw (10) on the algebraic properties of differential systems 
[see (10) 97]. 

Any value of A for which the B.V.P. has a non-trivial solution is called 
an ‘eigenvalue’ and the solution an ‘eigenfunction’. For any eigenvalue 
A the number of eigenfunctions linearly independent over [a, 6] is called 
the ‘index’ of the eigenvalue and denoted by k(A). 


3. As in Titchmarsh (1) 62 and Ince (7) 270, the B.V.P. of §2 is a 
canonical form of a more general class of problems in which the operator 
L takes the more general self-adjoint form 


Ly = [fola) y?}°+[fil@) yY+fola) y =Ag(a)y. (3.1) 

A self-adjoint B.V.P. composed of (3.1) and Sturmian boundary con- 

ditions can, in certain circumstances, be reduced to the type of problem 

given in § 2. Several writers have discussed this problem, in particular 

Sternberg (12) and Davis (11). I only note here, since it does not appear 

in the books or papers, that the transformation required to transform 
(3.]) into (2.1) is 


r (g(t) \4 a , 
fa | ay dt, —_() = [{g(x)} fal). (3.2) 


4. Let {a,; 0 <r < 3} be any set of constant complex numbers, not 
all zero. We shall use the functional notation ¢(€ | x, A) to represent that 
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solution of the differential equation (2.1), with independent variable z, 
which satisfies the following initial conditions at x = €, where é € [a,b], 
[PE |, A) pg = 4 (O<r <3). (4.1) 
The conditions laid down in § 2 and the well-known existence theorems 
for linear differential equations [see for example Kamke (8)] tell us that 
$(€ | z, A) exists uniquely and is not identically zero. Also ¢(€ | x,A) and 
its first four derivatives with respect to x are integral functions of the 
complex variable . 
If a, (0 <r < 38) are all real, then ¢(& |x, A) is real-valued when Q is 
real, and consequently, by the principle of reflection, 
d(€ |x,A) = A(€|x,A) for all A. (4.2) 
I use the notation {n,(€ |2,A); 1 <i < 4} for the ‘unit ‘set’ of (2.1) at 
x = &,i.e. that fundamental set which satisfies 
[nf (E|a,A)]-~ = 35 (lL<ij <4), (4.3) 
where 6,; is the Kronecker delta. 


5. As with all B.V.P. of the type in § 2, properties of the eigenfunctions 
stem from the Green’s formula. For the operator L given in (2.1) this 
can be written as [see Ince (7) 211] 

Xs 
| {v Lu—u Lv} da = [P(uv)]P (a < 4, < a <b), (5.1) 
z 
where u(x) and v(x) are any two functions possessing suitable derivatives 
and P,(uv) is the so-called ‘bilinear concomitant’ of L. Explicitly 


P(wv) = 9y(x) [w(ar) v(x) —u(x) v(x) ]+ 
+-[u (a) v(x) —w2(ar) (ar) + w'(ar) var) —u(x) V%(x)]. (5.2) 
The implication of the self-adjoint nature of our boundary-value 
problem [see (2.4) and the remarks after that condition] is that, if 
u(x,A,) and v(x,A,) are eigenfunctions for A, and A, (A,  A,), then 
P{u(x, Aj) v(x, Az)} = Pef{u(a, Ay) v(x, rp)}- (5.3) 
This result follows from the definition of the adjoint system [see Birkhoff 


(2), Latshaw (10), and Kamke (9) 187]. 
It is clear that, if w(x, A,) and v(x, A,) satisfy the above conditions then 


(5.1) and (5.3) give, since A, + A,, 


b 
J u(x, A,) v(a, A») dx = 0, (5.4) 


a 
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which expresses the usual orthogonal property of eigenfunctions for real- 
valued self-adjoint systems. 

Another important property of P,(uv) is that, if u(x, A) and v(x, A) both 
satisfy Ly = Ay for the same value of A, then P{u(x, A) v(x, A)} is inde- 
pendent of x and depends only on A. This follows at once from the 
Green’s formula (5.1). 


6. In this section I exploit an idea due to Kodaira [(6) 521]. Consider 
one of the boundary conditions U;(a, y) given in (2.2). Let us for the 
moment write this as 


a y(a)-+By(a)+y ¥(a)-+8 ya) = 0. (6.1) 
We seek to represent this boundary condition in the form 
P.fy(x) $(x)} = 0, (6.2) 


where ¢(x) is, as yet, some undefined function of x with a suitable 
number of derivatives. If (6.1) and (6.2) are to be equivalent, then 
expanding (6.2) and comparing coefficients, we obtain 
¢(a)=46, $a) = —y, 
d(a) = B+q,(2)8, g(a) = —a—G,(a) y. (6.3) 
To determine ¢(x) completely we now demand that it satisfy the differen- 
tial equation Ly = Ay of § 2. The existence theorem in § 4 tells us that 
a function (a |x, A) exists uniquely which satisfies (2.1) and the initial 
conditions (6.3) at x = a. Thus every boundary condition of the type 
(2.2), and similarly for (2.3), can be recast in the form (6.2) where ¢ is 
uniquely determined. 
To test whether any solution y(x,A) of Ly = Ay satisfies a condition 
such as (6.1) we consider 
Pfy(x, A) $(a | x, A)}, (6.4) 
where any value of x may be used since from the last paragraph of § 5 
this expression is independent of x. If (6.4) is zero, then (6.1) is satisfied 
by y(x, A). 
This shows that there exist four functions 
, $(a|x,A) ((= 1,2),  x(b|#,A) (¢ = 1, 2) (6.5) 
all-solutions of Ly = Ay, associated respectively with the boundary 
conditions 


Ufay)=0 (§=1,2), Ufb,y)=0 ( =1,2). 
These functions ¢; and y;, are the natural extension of ¢ and x in Titch- 
marsh (1), Chapter I. 








150 W. N. EVERITT 





After taking account of the difference in notation between (2.2) and 
(6.1) we see that the functions ¢,(a|2,A) satisfy Ly = Ay and the 
following initial conditions 


[di(a|x,A)],. =a [4/%(a|2,A)],_, = oF, 
[d/(a | x,A)],_. = aF-+91(@) af 
[da |x, A)] 4 = of +9 (a) of. (6.6) 


The functions y,(b | x,A) satisfy similar conditions at x = b in terms of 
the fi. 

The importance of these ‘boundary-condition’ functions ¢; and x; is 
that we can manipulate the boundary-value problem of § 2 without 
having to refer explicitly to the constants a/ and i. 

Since we stipulated in § 2 that the sets oj and aj are to be linearly 
independent, it follows that ¢, and ¢, are linearly independent over 
{a,b| for all A. Likewise for x, and yp. 

Also, since U, and U, of (2.2) are homogeneous, it is clear that ¢, and 
¢, are unique only up to linear combination: that is, a non-singular linear 
transformation of ¢, and ¢, into a new pair does not alter the boundary- 
value problem. 


7. The above method of representing the boundary conditions leads 
to the following method of representing the self-adjointness of our B.V.P. 
If we calculate the value of P(¢, ¢,), which is soon seen to be independent 
of x and A, we find that it is identical with the left-hand side of (2.4). 
Similarly for P(x, x2). Thus the self-adjointness of our problem can be 


expressed a8 PUbids) = 0, Plxrxs) = 0. (7.1) 
This last result is more convenient to use than the Latshaw condition 
(2.4). See also Kodaira [(6) 521]. 
I introduce the notation 
P,, = P,(A) = P{$la|a,r)x(b|a,0} (Li, f <2), (7.2) 
valid by virtue of the last paragraph of § 5. 


8. Let {y,(x,A); 1 <i <r} beanyr (1 <r < 4) solutions of Ly = dy. 
I shall use 


W.AYs Yo «+» Yr (A) = Wyy(x, A) yo(x, A)... y,(%, AI} (8.1) 


to represent the Wronskian of order r of this set of functions [see Ince 
(7) 116-21 for the definition and properties of W]. 
In the particular case r = 4 we have the following expression for W 











THE STURM-LIOUVILLE PROBLEM 151 
in terms of the P function: this expression is obtained from the paper 
by Kodaira [(6) 504]. 

W{yx(2, A) «.- Ya(X,A)} = —Pfyy(x, A) yo(x, A)} Plys(, A) ya(x, A)}+ 
+ Piy,(2, A) Y3(2, A)} Pty,(z, A) Ya(2, A)}— 
— Ply,(x, A)ya(x, A)} Pfyo(x,A) s(x, A)}. (8.2) 
This identity shows that W,(y, ... y4)(A), of any four solutions, is in fact 
independent of 2 and depends only on A. [See the end of §5.] This 
follows also from the fact that the coefficient of y in (2.1) is identically 
zero [see Ince (7) 119]. Compare Titchmarsh (1) Chapter I. 
A particular application of (8.2) to the four functions ¢; and y,; of 
(6.5) gives, with (7.1) and (7.2), the definition 
W(A) = W.($1 $2 x1 X2)(A) = Py) Poo(A)—P2(A) P(A). (8.3) 
Clearly W(A) and the P,,(A) are integral functions of A. 


9. As in Titchmarsh [(1) 12] we can prove that all the eigenvalues 
of the B.V.P. (2.1) to (2.3) are real, when we use (4.2) and (5.4). This 
also implies that, since Z is real-valued, we can take, without loss of 
generality, all eigenfunctions to be real-valued. 

In Titchmarsh [(1) Chapter I] the eigenvalues are given by the roots 
of the transcendental equation 

W(x, A), x(x, A)} = (A) = 0. (9.1) 

The extension of this is 

THEOREM 9.1, A necessary and sufficient condition that A should be an 
eigenvalue is that it be a root of the equation 

W(d) = 0, (9.2) 
where W(A) is defined by (8.3). 

Proof. Suppose that for some value of A, say A = p, 

W(u) ~ 0. (9.3) 


Then, from Ince (7) 119, the four functions ¢,(x, ~) and y,(x, w) (¢ = 1, 2) 
form a fundamental set for Ly = py. Thus, if y(x, 1) is any non-trivial 
solution of this equation 


y(x, p) = ¥ faidile,u) +B, xi(@, #)}, 


where not all the «; and f; are zero. 
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If y(x,) is to satisfy the boundary conditions (2.2) and (2.3), then, 
using P{... },(x,)}, etc., as a linear operator and from (6.2), we have 


Si PGA MW+E Pw} = 0 (j= 1,2) 


SP xD) +B: Plxexde)} = 9 G= 12. 


For these linear homogeneous equations to have a non-trivial solution 
it is necessary that the determinant of the coefficients, say D, should 
be zero. However, it is readily calculated that 


D = —{W(u)}? £0, by (9.3). 
Thus A = yp is not an eigenvalue. 
Suppose on the other hand that, for A = pn, 


W(u) = 0. (9.4) 
Then the Wronskian of ¢,(x, 1) and y,(x, ) (¢ = 1, 2) is identically zero 
for x € [a,b], and we have a linear relationship 


S loudle,u)—B, x(x, w)} = 0, (9.5) 


where not both of «, and a, are zero and not both of 8, and f, are zero 
from the last paragraph but one of § 5. 

Consider then the function y(x, 1) defined by 

2 
y (x, H) a? a p(x, Ht). 

Clearly y(x,) is a non-trivial solution of (2.1) and satisfies (2.2) from 
the definition. The identity (9.5) implies that it also satisfies (2.3). Then 
y(x,u) is an eigenfunction and yp is an eigenvalue. This completes the 
proof. 

We note that, since all eigenvalues are real, all the roots of (9.2) are 
real. In §17 I have something to say of the order of the zeros of W(A). 


10. The ideas of §§ 6, 7 lead to a new expression for the Green’s function 
of the B.V.P. given in § 2. The general theory for the Green’s function 
of a homogeneous B.V.P. will be found in Ince (7), Kamke (9), and 
Courant and Hilbert (13). I adopt here the definition and sign-conven- 
tion given in (13) 362 (also 353). 

As with all the problems of the type in § 2 we can construct the Green’s 
function G(x, €;A) only in the situation when 


W(A) £0, (10.1) 
i.e. when A is not an eigenvalue. Clearly with this restriction the four 
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functions ¢,(a |x,A) and y,(b | x,A) form a fundamental set of (2.1), and 
we can write [compare Ince (7) 254], for & € (a, b), 


P {oj (a |x,A)+A; x (b|2,A} (a < 4% < &), 
G(a,€;A) = {*"? (10.2) 


S Bind |e+Bd(aled} E<e <b), 


where the «,, ete., yet to be determined, will depend in general on é and A. 
Since G has to satisfy the boundary conditions (2.2), we have, as in 
§ 9, for + = 1, 2, 


P{G(x, A), $:(a | x,d)} = 0 
= —{A, P(A) +4,P,(A)}. (10.3) 


Since the coefficients of the linear homogeneous equations (10.3) for A, 
. and A, have, by (8.3), the determinant 


P,x(A) Pya(d)—P,a(A) P(X) = WA) #0, by (10.1), 
it is clear that A, = A,=0. 
Similarly B, = B, = 0. 
With this done any choice of «,, «, and f,, 8, implies that G(x, €; A) satis- 
fies (2.2) and (2.3). To determine the a; and f; we use the discontinuity 


in the third derivative of G at x = € [see Courant and Hilbert (13) 362] 
to obtain, for 1 <j < 4, 


Slag |€,A)—B; xP-Pb | €,A)} = Sia, (10.4) 


where 6,; is the Kronecker delta. The determinant of the coefficients of 
this set of non-homogeneous linear equations is, on inspection, W(A),- 
which by (10.1) is not zero. Thus (10.4) serve to determine the a; and 
8; uniquely. 

Explicitly we obtain, by the usual algebraic processes, 








a: i We(x1 $2 X2)(A) a? We($1 x1 X2)(A) 
7 a: whe (10.5) 
p, — WePrbaxd A), g _ Weldrxr ded) | | 
’ WA)” , Wir) 


where the notation of (8.1) is employed. 
This unique determination of «; and 8; proves the unique existence of 
G(a, €;A) under the restriction (10.1). 
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11. Wecan put the above determination of G(x, €;) ina more explicit 
form by using the unit set defined in (4.3). It is readily seen that we can 


write Wi x1 ba xaA) = Waa, A) bo(a, A) xox, A) ng(E|2,2)} (11.1) 


for any value of x in [a,b]. We now expand (11.1) by use of (8.2) to 
obtain 


We(x1 $2 x2)(A) = —P(x1 $2) P{xo(a, A) nal€ | 2, A)}— 
— P{x,(x, A) na(E | x, A)} P($2 x2). 
By explicit expansion of P from (5.2) we have also 
P{x¢(,A) nalE | x,A)} = —x(EA) (6 = 1, 2), 
and thus We(x1 2 x2)(A) = Pal) xa(€,4)—Pai(0) xolE,), (11.2) 


which is in fact valid for all A and € in [a,b]. 
In a similar manner 


Wd, X1 X2)(A) = P(A) xal€, A)—P,2() xlé, A), (1 1.3) 
Wed, 2 X2)(A) = Pyo(A) $1(€, A)—Fo(A) $0(€, A), (11.4) 
Weld, X1$2)(A) = Pyy(A) bo(E, A) —Pa (A) $1(€, A). (11.5) 


If we substitute these expressions in the original form (10.2) of G, we 
obtain 
P(A ,A)—P,,(A A 
G(a, €;A) = 290A) xa(E Woe ) xo(E ) $ (a,A)-+ 








4 Ful) xol(é, roe Xl) 4, d) fora<a< &; 


_ PoolA) $1(€, A)—P2(A) $0(€, A) 
coy: a : Wa) 2 xX1(x,A)+ 


4 Ful) $,(€, Oe $,(€, A) Xo(2, A) for é <— 2 b. 
(11.6) 





and 





This is our required expression for @ and is the natural extension of 
the representation of the Green’s function used in Titchmarsh (1) 
Chapter I. 

We note that (11.6) brings out the symmetrical property of G(x, €; A) 
in x and €: this is a necessary conclusion for self-adjoint B.V.P. [see 
Ince (7) 256]. 

We remark also that by the type of argument used to prove (11.2) any 
Wronskian of order three of (2.1) is also a solution of (2.1)—a general 
result which has been proved for self-adjoint operators. 
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12. As in Titchmarsh [(1) 7] we define a function ®(x,A) by 


b 
@(x,d) = [ Oe, A) SE) dé, (12.1) 


for x in [a, b] and A not equal to any eigenvalue. Here f(x) is any function 
which belongs to the class L®[a,b| for some p > 1. If also f(x) is con- 
tinuous in [a,b], then it can be shown that © satisfies the non-homo- 


geneous equation L O(x,r) = A W(x, dA)—f (zx). 


To obtain an eigenfunction expansion of the arbitrary function f(x) 
we have to integrate ®(z,A) round a large contour in the A-plane [see 
Titchmarsh (1)]. This process demands a knowledge of the residue of ® 
at its poles, i.e. at the zeros of W(A). 


13. For any value of A let r(A) denote the rank of the 22 matrix 
' [P,,(A)]. With this and the definition of the index k(A) given in § 2 we 


have 
THEOREM (13.1). For all values of 
r(A)-+-k(A) = 2. (13.1) 

Proof. When W(A) + 0, then, from (8.3), 7(A) = 2, and from Theorem 
(9.1), k(A) = 0; then (13.1) follows in this case. 

Suppose then that W(A) = 0, ie. that A is an eigenvalue. Then we 
have at least one eigenfunction y(z,A). Consider the third-order Wron- 
skian W,(y¢,¢,)(A); by the method used in § 11 we can write, for any 
t in [a,b], 

W.(y $1 b2)(A) = W{y(t, A) br(t, A) Pelt, A) a(x | t, A)} 
=0 (xef[a,b}), 
from (8.2) since, by hypothesis, y(x, A) satisfies the boundary conditions 
at x = a. Thus we have a linear relationship 
y(x, A) hy (2, A) +a $o(%, A) (xe [a, b}). 
Since y(x,A) also satisfies the boundary conditions at x = b, 
PY x1) = % Py(A) +02 P(A) = 9, 
P(Y X2) = %4 Pyo(A) +a Pyo(A) = 9, 


which must be satisfied by a, and a. Now the number of distinct 
solutions of these homogeneous equations is given by the rank r(A) 
of [F,,(A)].- 

If r(A) = 1, then there is a unique ratio for a, and a, and k(A) = 1. 
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If r(A) = 0, then there are two independent ratios for «, and ay, 
and k(A) = 2. Thus (13.1) follows in all cases. 

We note that (13.1) implies that for any eigenvalue k(A) < 2. Also 
any eigenfunction can be expressed solely in terms of ¢, and ¢, (or, in 
a similar fashion, solely in terms of x, and y,). 


14. We require the following 
Lemma (14.1). For all values of 


b 
[ dela |2,A) x,(b |2,A) de = PQ) (7=1,2), (14.1) 


where the prime denotes differentiation with respect to x. 


Proof. Applying Green’s formula (5.1) to ¢,(a,A-+p) and x;(x,A—p) 
where p is arbitrary but not zero, we get 


b 
1 ; 
| 4A a, A+-p) x;(,A—p) dx = gl PUbil@. A+ p) xsl A—e) Ta 








wa elu P) + Bldde. +e) eu ad as 


p(x, A—p) xs(0,A—p)}. 





a fete 
a 2p 
Now let p — 0, to give 





b 
[ ied) (0,2) de = Pid) —Py| be, 2) S")) — p[ PK” se, ry} 
= heed 


a 


since, by definition, ¢,(,A) and x,(x,A) are independent of A at « = a 
and x = b respectively. 


15. In this section and the next I give some information about the 
residue of @(x,A) at its poles. 

Let A = pu be an eigenvalue, i.e. W(u) = 0. We drop explicit reference 
to the fact that A = p and write P,; for P,;(u), $, or ,(x) for 4,(a | x, 1), 
etc. All these will be real-valued since yp is real. 

Suppose firstly that r(u) = 1; we make no assumption about the order 
of the zero of W(A) at A= pw. One at least of the P,; is not zero and 
without loss of generality we take P,, 4 0. The other P,; may be zero 
or otherwise. It is clear that 


W= Py Po+ Pi Poo—Pro Py —Pi2Py, 








oe 
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where, as in all that follows, the prime denotes differentiation with 
respect to A evaluated at A = p. 

Since W = 0, there is a linear relationship 


a1 $i +02 $2 = By xi +PBex2 (x €[a,6)). (15.1) 
Using the self-adjointness conditions (7.1) on ¢; and x; we now have 
a Proto Phe = 0, B, Pa +Be Poe = 9, (15.2) 
and from this and the hypothesis P,, 4 0 it follows that 


a, ~ 0, B, ~ 9. 
Thus (15.1) becomes 
Poo X1— Pay X2 = {Poo $1—Py2 $2} (vw € [a,6]), (15.3) 
where k = a,/B,, so that k is neither zero nor infinite [compare Titch- 
- marsh (1) 8]. 


From Lemma (14.1) we have . 
b 


| {Pr2 $1—Pi2 $9} {Pos X1— Pray Xo} de = W’ Pro, 


and this combined with (15.3) gives 
b 
k | {Paxd1—Pyo $o}* dx = Pag W’. 


Thus we have 
(i) A = p is a simple zero of W(A); 
(ii) k[Pyy WJ} > 0; 
(iii) if we define 
k \} 
Wz») = (ppp) Pati—Pid 


then (x, w) is a real-valued, normalized eigenfunction. 
It is now clear that both G(x, £;A) and ®(x,A) have a simple pole at 
A =p. It can be shown, but I omit the details, that the residue of 
M(x, A) at A = pis b 
7 W(x, w) [ WE, w)f(E) a. 


16. Now suppose that A = yp is an eigenvalue for which r(x) = 0. In 
this case all the P,; are zero, but we make no assumption about the order 
to which W or the P;; vanish although it is clear that W possesses a 
zero of at least the second order. 
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We have, in this case, 
W" = 2(Piy Po2—P 2 Pa), 
where some of the P;; may vanish. 
From (11.4) and (1 L. 5) we have the following results valid for x in [a, b]: 
X1 = «6, +P do, X2 = voi +5 2 (say), (16.1) 
where A = ad—fy + 0. 


b 
Let oie in .¢;dx (i,j =1, 2). (16.2) 


Since v is real, J;; > 0 (¢ = 1, 
Multiplying (16. 1) by the eae ¢; and se iti over [a,b] 
we obtain, from Lemma (14.1) 
Py = ol, +B Lp, Py. = yXy +8 he 
Po = «1y,+8 loo, Poe = y In, +8 Ie 
and by direct calculation these give 
3W" = Py Po2— P32 Po = A(Lj1 L2—Lh2 Ln). 
The right-hand side of this last result is not zero since A ~ 0 and 
Tyr Lo2— Lia Iq, > 0 
by the Cauchy—Schwarz inequality and the linear independence of ¢, 
and ¢, over [a,b]. Thus we have the conclusion that 
Ww’ ss 0, 
i.e. the zero of W(A) at A = p for this type of eigenvalue is double. From 
this and the fact that all the P,; are zero, it follows that G(x, €;A) and 
@(x,A) again have a simple pole at this type of eigenvalue. 
To evaluate the residue of ®(z, A) in this case we use what is virtually 


the Schmidt process of orthogonalization. We select a multiple of 
¢,(x,) to be a normalized eigenfunction and then add and subtract 


(16.3) 


the term P 
da(w,m) | da(E, w)f(E) dé (16.4) 
from the residue of ®(x,) at A = p, where y,(x, ~) is defined by 
- A 3 
p(x, #) = (par) dy. (16.5) 


It is readily calculated from (16.3) that 
Al, = 68 Pu—B Pi» 


so that ,(x, u) is a real-valued, normalized eigenfunction. 
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The remainder of the residue of ® can then be shown to be 


b 
dole, u) | dolE, w)F(€) a8, (16.6) 


(x P 9 —y P4,)¢.— (8 Piy— —BP 2) bo (16.7) 
{(8 Py— B P42) ( Py, Poo— P32 P)}* 


It is readily shown from (16.1) that 
(5 Pia—B P 2) (Pir P22— Pi2 Pox) > 0, 
so that (x, u) is a real-valued eigenfunction and linearly independent 
of y4(2, 1). 
We can now verify, from (16.3), that %,(7, u) is normalized and that 


b 


| Palm, mw) pole, w) dx = 0. 


a 





where f(x, pw) = 


“Thus ys, and &, form a pair of normal orthogonal eigenfunctions. 
The complete residue of ®(x,A) at A = p for this type of eigenvalue 
is the sum of the terms in (16.4) and (16.6), where ¥%, and %, are the 
eigenfunctions for A = p. 


17: The information of the last two sections gives 


THEOREM (17.1) With the notation of previous sections 


(a) W(A) has at most a zero of the second order at any eigenvalue; 
(b) Gla, &;A) and O(x,A) have simple poles at all zeros of W(A); 
(c) the residue of D(x, A) at a pole AX = p is of the form 


b 
Ww, n) | WE, w)f(E) dé, 


b 

where | {b(x, p)}* dx = 1, 
2 

or Saou | eens ) dé, 
b 

where | p(x, w) ,(x, w) dx = 8,; 


for, respectively, a simple or double zero of W(A). (The w(x, ) are the 
eigenfunctions at AX = p.) 


18. I have not attempted to discuss the extension of the asymptotic 
nature of solutions of Ly = Ay for large A. Results similar to those given 
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in Titchmarsh (1) Chapter I can be obtained to show that the B.V.P. 
of § 2 always possesses an infinity of eigenvalues and that the corre- 
sponding eigenfunctions form a complete orthogonal set over [a, 6]. 
The question of equiconvergence theorems raises several interesting 
results which might be discussed in a later note. 

Several examples of the type of B.V.P. in §2 were discussed by the 
author in the thesis mentioned in § 1. 

The method described above can be applied to differential equations 
of any even order and to boundary conditions of mixed type. It is also 
probable that they could be used to tackle the problem of a more general 
character discussed in Kamke (9) 236—43. 

Results have also been obtained in the case when L is a singular 
differential operator: these are an extension of the theorems in Chapters 
II and III of Titchmarsh (1). 
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